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abstract 

We study the local properties of a class of codimension-2 defects of the 6d Af={2, 0) theories 
of type J = A,D,E labeled by nilpotent orbits of a Lie algebra g, where q is determined by 
J and the outer- automorphism twist around the defect. This class is a natural generalisation 
of the defects of the 6d theory of type SU(A^) labeled by a Young diagram with A^ boxes. 
For any of these defects, we determine its contribution to the dimension of the Higgs branch, 
to the Coulomb branch operators and their scaling dimensions, to the 4d central charges a 
and c, and to the flavour central charge k. 
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1 Introduction and summary 

The six-dimensional A/'=(2, 0) theories are interacting non-gravitational theories whose basic 
massive excitations at a generic point of the vacuum moduli space are strings charged under 
two-form potentials whose field strengths are self-dual. Consistency requires that the charge 
lattice of the strings be simply-laced [1], and, indeed, the 6d (2,0) theories of type J = An, 
Dn, Eq^j^s are realised as the low-energy limits of Type JIB strings on ALE spaces of the 
corresponding type [2]. The (2,0) theories of type An and Dn also arise as the low-energy 
limit of the worldvolume theory of M5-branes [31 HJ [5] . 

Although no satisfactory Lagrangian description of these theories is known, their mere 
existence sheds light on various non-perturbative properties of four- dimensional supersym- 
metric field theories, e.g. the S-duality of ^"=4 super Yang-Mills [21 [6], the physical realisa- 
tion of the Seiberg-Witten curve oi M=2 gauge theories [HIH], and Argyres-Seiberg duality 
[HI [ini [H] . In these constructions, the 4d theory is realised as the compactification of the 6d 
theory on a Riemann surface C with punctures; the punctures are the locations of half-BPS 
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Table 1: The relation among the type J, the twist o, the group G and its dual G^. When 
the outer- automorphism twist o is trivial, J = G = G^. 



codimension-two defects of the 6d theory that are extended over 4d spacetime. In a partic- 
ularly nice class of such defects, these are labeled by a homomorphism p from 5u(2) to j, or 
equivalently by a nilpotent orbit in j. For j = su{N), the label becomes a Young diagram 
with A^ boxes. We can also consider twisted defects, around which we have an action of an 
outer-automorphism o of J. Then the defects are labeled by homomorphisms p from su(2) 
to Q, where q^ is the subalgebra of j invariant under o, see Table [H The study of these 
untwisted and twisted defects was initiated in [TT] , and further developed in various papers 
including [I21[T31[T1[T51[I61[I71[T81[I91[201|2I1[22]. 

In these papers, the analysis was restricted to the defects of the 6d theories of type A 
and D, where their brane realisations were fully used. The aim of this paper is to distill the 
results obtained by these methods and phrase them into a form independent of string theory 
constructions, which makes our framework applicable to twisted and untwisted defects in 
6d theories of any type. We will give algorithms to determine the following data for a 
homomorphism p: 

• the dimension of the local Higgs branclo, dimHlGGS(p), (13.11) . 

• the dimension of the local Coulomb branch (13.51) . dim Coulomb (p), (13. 9p . 



the local contribution to the graded Coulomb branch. Sec I3.4.4[ 
the flavour symmetry F{p) and its level k, (13.201) . anqj 



the local contribution to the effective number of vector multiplets, nh{p), (I3.19al) . and 
hypermultiplets, n^{p), ( I3.19bl) . which are linear combinations of the central charges 
a and c. 



^In general, it is not always possible to completely Higgs the gauge symmetry. By "Higgs branch" we 
mean the branch where gauge symmetry is "maximally Higgsed" , i.e., where the number of massless abelian 
vector multiplets is the smallest. This maximally Higgsed branch was called the Kibble branch in [23] . 

^ When F{p) has an sp(n) factor, there can be the Z2 global anomaly [25 • A half-hypermultiplet in a 
pseudoreal representation R, of Sp(n), contributes k — 1{R) to the level of the sp{n). At the same time, the 
Sp(n) has a Z2 global anomaly if and only if 1{R) — 1 (mod 2). Thus, when there is some S-duality frame 
in which the defect p lies on a 3-punctured sphere consisting of free (half-) hypermultiplets, the level k of 
sp{n) is odd if and only if the corresponding Sp(n) factor has a Z2 global anomaly. This is easily confirmed 
using quiver description when g is of type C or D. We do not have a definite derivation for other g. 
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Figure 1: Chain of dualities used to study co dimension-two defects of the 6d theories. 

The quantities hsted above will be deduced using the two setups below: 

Setup 1: Consider the following configuration. (The steps are also shown in Fig. [H) Take 
a half-BPS codimension-two defect of the 6d theory of type J. 

1. Consider 6d spacetime to be of the form M^'^x (cigar) xS*^. Denote by S^ the circle 
around the cigar. Let us then put the defect at the tip of the cigar. Let o be the 
outer-automorphism monodromy that arises when we loop around the defect; this 
monodromy can be trivial|j Let G^ be the part of J invariant under o, and G be the 
Langlands dual of G^. If o is trivial, then G = G^ = J. See Table [1] for the other 
cases. 

2. Reduce along S^. We get 5d M=2 super Yang-Mills with gauge group G on M^'^x (a 
half-line) xS^. The codimension-two defect in 6d becomes a boundary condition at 
the end of the half-line, which for the defects we consider in this paper is given b}|j 

•^1,2,3(5) ~ p(ri,2,3)/s. (1.1) 

Here, $, are the adjoint scalars of the gauge theory, s is the distance to the boundary, 
Ti,2,3 are 1/2 the Pauli matrices, and p is a homomorphism p : su(2) -^ q. We call p 
the Nahm pole. 



•^We do not discuss the Z2 outer-automorphism twists of the A2n theories, because they are subtle, and 
we do not understand them well enough. See, e.g.. Sec. 4 and Sec. 6 of [25] for the subtleties involved. 

"^These are not the only possible half-BPS boundary conditions of the 5d theory arising from half-BPS 
codimension-2 defects of the 6d theory. Many others are known. We concentrate on these boundary 
conditions because they can be uniformly described. 



3. Reduce further along S^. Now we have a boundary condition for Af=4: super Yang- 
Mills with gauge group G, given basically by (11. ip . and which is among the class of 
boundary conditions studied in [26]. 

4. Now, invert the order of the reductions on S^ and S^, which amounts to S-duality 
of A/'=4 super Yang-Mills. In the S-dual description, we have different boundary 
condition for A/'=4 super Yang-Mills with gauge group G^, namely, a 3d A/'=4 su- 
perconformal theory, T''[0], living at the 3d boundary of the 4d bulk, and which has 
flavour symmetry G^, coupled to 4d super Yang-Mills [27] . 

5. Go back one step in the reduction. It is reasonable to assume that the codimension-2 
defect of the 5d theory at this stage is given by coupling the 3d theory T''[q] to the 
defect. The presence of this 3d theory at the defect produces a pole in the adjoint 
scalar field, 

^z)=<l>^{z)+i'^,{z)^p{a+)/z, (1.2) 

where ^ is a local complex coordinate for the cigar so that the tip is at z = 0, and p 
is a new homomorphism, p : su(2) — )■ q^ , determined by the properties of T''[g]. We 
call p the Hitchin pole. 

6. Unfortunately, with our current understanding, we cannot go back one more step to 
say exactly what is at the defect of the 6d theory. However, we can still study how 
the worldvolume fields (f)k{z) of dimension k behave there, by studying the behavior 
oi pk{^{z)) where pk is a degree-fc invariant polynomial of q. 

When g = su{N), a homomorphism p : su(2) — )■ su{N), such as the Nahm pole, de- 
termines how the fundamental A^-dimensional representation of su{N) decomposes under 
su(2) into the irreducibles N = rii + ■ ■ ■ + Uk, which determines a partition [ui] of N. On 
the other hand, the Hitchin pole p is associated to a partition [hi], such that the Young 
diagram for [hi] is the transpose of the Young diagram for [rii]. We want to study the map 

d : {p : su(2) -^ q up to conjugacy} — t- {p : su(2) — > q^ up to conjugacy}. (1.3) 

We will argue below that this d is the Spaltenstein map, well known in the nilpotent orbit 
literature. This map d fails to be a bijection (except for g = su{N)), but it satisfies d^ = d. 
It is then possible, say, that defects corresponding to two distinct Nahm poles p and p' map 
to the same Hitchin pole, d{p) = d{p'). We will see that, when this happens, certain discrete 
groups C{p) 7^ C(p') introduced by Sommers and Achar [2Hl[29l|30] enter in the description 
of the Hitchin system, and affect the properties of the Coulomb branch. 



6d A/'=(2, 0) theory of type J on M^ x M2 ^ T^ 
with a defect of type p on M^ x {0} x T^ 
^ \ 

4d A/'=4 SYM with group J on M^ x M^ 2d theory on T^ with W{q, p) symmetry 

with a surface operator on M? x {0} 

Figure 2: Surface operator of 4d SYM and a 2d theory 

Setup 2: We also consider the following setup. See also FigO 

1. We put the 6d theory of type J on M^ x M^ x T^, with complex coordinates 2:1, Z2, ^3- 
We place the codimension-2 defect associated to p : su(2) — )■ g at ^2 = so that it 
extends along zi and z^. 

2. When reduced along T^, this becomes a half-BPS surface defect of A/'=4 SYM with 
gauge group J. This is very closely related to the surface operators studied by Gukov 
and Witten [3ll[32]. 

3. Instead, we can perform Nekrasov's deformation with parameter ei^2 along the ^1^2- 
plane, respectively, which effectively confines excitations to be within the region 2:1 2 ~ 
ei,2, which in turn gives us a 2d theory on T^. We assume that this theory has 
the W-symmetry W{q,p) with parameter 6^ = €2/61, as suggested by recent works 

[aniIHlEHlEe]. 

This setup is useful because of the existence of formulae [371 EH] for the 2d central charge 
and for the level of 2d current subalgebra of W{q,p), which we use to constrain the form 
of the 4d central charges for the defect. Combining the data from Setup 1 and Setup 2 will 
enable us to write down algorithms for the local properties of the codimension-2 defect in 
terms of the label p. 

The rest of the paper is organised as follows: 

In Sec. [21 we study the theories ^''[g], since they live at the defect when the 6d theory 
is reduced on a circle, as we saw in Setup 1. In Sec. 12.11 we recall the Higgs branch of 
T^[0], and relate the possibility of Higgsing from Tp[q\ to T^ [q\ with the inclusion of the 
corresponding nilpotent orbits Op C Opi. In Sec. 12. 2[ it will be argued that the Coulomb 
branch of T''[g] is given by the Spaltenstein dual orbit d{Op). In Sec. 12. 3[ we introduce 
the concept of induced nilpotent orbits, which we use to study the Coulomb branch of the 
mass-deformed version of T^[0] theory in Sec. 12. 4[ Then, in Sec. 12.51 we illustrate various 
properties of nilpotent orbits, and contrast them with the physical properties of ^''[g]. 

In Sec. [31 we study the properties of the codimension-2 defects of the 6d Af={2, 0) theory 
using the analysis in Sec. [2l In Sec. 13.11 the formulae for the dimensions of the local Higgs 



and the Coulomb branch will be given. In Sec. 13. 2[ we take a detour and study the relation 
between our defects and the surface operators studied by Gukov and Witten, as well as 
W-algebras of general type. Then, in Sec. 13.31 we determine the local contributions to 
the central charges n^ and Uh from our defects. In Sec. 13.41 we review how the scaling 
dimensions of the local Coulomb branch operators were determined for theories of type A 
and -D, from which the general procedure will be physically induced. The procedure will be 
then tested in a few cases to show how it works. In Sec. 13.51 we combine our methods to 
study various illustrative examples. Among others, we find the properties of the Zs-twisted 
defects of the D4 theory, which are labeled by homomorphisms p : su(2) -^ Q2- We also 
study three-punctured spheres in 6d theories for various J = A,D,E giving rise to free 
hypermultiplets. This provides an independent consistency check of our approach. 

We have three Appendices: In Appendix |Al we formulate our physical claim in Sec. 13.41 
in a mathematically precise way, which will hopefully make our results more readable to 
mathematicians. In Appendix [Bl we collect the explicit formulae to embed 02 inside 50(8). 
Appendix [C] contains tables of exceptional nilpotent orbits. 

Before proceeding, let us note that a fair amount of the theory of nilpotent orbits in Lie 
algebras will be used. The standard textbooks are |39l SOl HU |12]. On the other hand, some 
of our results heavily lean on more recent developments on nilpotent orbits. The necessary 
concepts and theorems are introduced and explained along the way in the paper. 

On notations: the Lie groups G are taken to be compact and of adjoint type, while the 
Lie algebras = 0c are taken to be in their complexified version. By G^ we mean a compact 
group of adjoint type, whose Lie algebra 0^ is the Langlands dual of the Lie algebra of G. 
We use the convention sp(l) = su(2). 

2 The 3d theory TP[q\ and nilpotent orbits 

Let us study a class of 3d A/'=4 superconformal field theory introduced by Gaiotto and 
Witten in [27]. Along the way, we introduce various concepts concerning nilpotent orbits. 



2.1 Higgs branch of Tp[q] 

In the context of 4d A/'=4 super Yang-Mills with gauge group G on a half-space M^'^ x M-", 
Gaiotto and Witten considered a half-BPS boundary condition for the adjoint fields specified 
by a homomorphism p : su(2) — )■ 0. The (adjoint) orbit for an element e G is the set of 
elements in that are Gc-conjugate to e, i.e., are of the form, a.d{g) ■ e for some g in Gq- 
We denote the orbit containing e by Of = Gc ■ e. We often abbreviate Of as Og. 

The Jacobson-Morozov theorem states that the classification of the homomorphisms p, 
up to conjugacy, is equivalent to the classification of nilpotent elements e in 0, also up 



to conjugacy, through the correspondence e = p(cr^). The orbit Oe is called a nilpotent 
orbit. When g = su{n), a nilpotent orbit Og is specified by the size of its Jordan blocks, 
n = rii + ■ ■ ■ + rik, or, equivalently, by a partition p = [rii] of n. We call rii the parts of the 
partition p. 

When Q = 50 (n), a nilpotent orbit Og is specified by a corresponding homomorphism 
p : 5u(2) — 7- 5o{n), under which the n- dimensional vector representation is decomposed 
into irreducible representations of 5u(2). Hence, nilpotent orbits of so(n) again give rise to 
partitions p = [rii] of n, but with the requirement that any even part inp = [ui] must appear 
an even number of times. Such partitions are called B- or D-partitions, when n is odd or 
even, respectively. Given a partition p = [rii] satisfying this condition, there is a unique 
nilpotent orbit, except for the case when all the parts rii are even and each even integer 
appears even times. Such a partition, e.g. [4, 4, 2, 2], is called a very even partition, and there 
are two distinct nilpotent orbits associated to it, exchanged by the outer automorphism of 
so{n). Two such orbits are distinguished by putting I or II as a superscript to a very even 
partition. 

Similarly, for a nilpotent element e in g = sp{n), the corresponding p : su{2) — )■ sp{n) 
determines a partition p = [rii] of 2n, with the condition that any odd part in p = [rii] 
appears an even number of times. Such a partition is called a C-partition. In this case, each 
partition corresponds to a unique orbit. 

The boundary condition for A/'=4 super Yang-Mills is given by a Neumann boundary 
condition involving p for $1,2,3, and a Dirichlet boundary condition for $4,5,6: 

$1,2,3(5) ~ P(n,2,3)/S, $4,5,6|s=0 = 0. (2.1) 

Performing an S-duality on the 4d bulk, the gauge group of the bulk theory becomes G^, 
and at the boundary s = now lives a 3d superconformal field theory T''[g]. This 3d SCFT 
has G^ flavour symmetry on the Coulomb branch, which is coupled to the restriction of the 
bulk gauge fields to the boundary. 

The simplest situation arises for p = 0, in which case the theory Tp[^ is often denoted 
just by T[q\. Its Coulomb branch is A/'gv and its Higgs branch is A/'g, where Nq denotes the 
nilpotent cone of g — the subset of g consisting of its nilpotent elements. The dimension of 
A/'g is given by 

dime A/'g = dim G - rank G. (2.2) 

This complex dimension is always even. In fact A/'g is a hyperkahler cone, which is expected 
since the theory T[^ has 3d A/'=4 superconformal symmetry. 

Now, for a homomorphism p : su{2) — )■ g, we can give a Higgs vev e = p(o"^) to the 
theory T[q]. Let us take the low-energy limit at this point. The moduli directions inside A/'g 
that are transverse to Oe are in general singular, while the directions along Oe are smooth. 



Thus, at low energies, the theory T[g] becomes (dimcOe)/2 free hypermultiplets plus the 
interacting 3d theory T^[0]. The Higgs branch quaternionic dimension of Tp[q] is then 

dimHHlGGS(r^[fl]) = - (dim G - rank G- dime Oe). (2.3) 

For the classical Lie algebras, a nilpotent orbit Oe is labeled by a partition p = [rii], and 
its dimension is given by 

' A^2 - ^s^ when q = su{N) , 

i 

N{2N + 1) - l^s^ + 15^^^ "^^^^ = ^''(^A^ + 1), 

i i odd 

N{2N+l)-\Y^sj~\Y^r, when0 = sp(Ar), 

i i odd 

Ar(2Ar-l)-i^s2 + i^r, when g = so (2 AT), 



dimr O 



C t^fn. 



(2.4) 



i odd 



where [sj] is the transpose partition to [rij], and r^ is the number of times the part k appears 
in the partition [ni]. 

When p' can be chosen so that a nilpotent element e' = p'{cr^) can be found arbitrarily 
close to e = p{cr~^), we can change the Higgs vev of T[q] from e to e', or equivalently, we 
can Higgs T''[g] to T^ [q]. In other words, the set of limiting points of the orbit Oe' contains 
e, or, equivalently, the closure 0^' of Oe> contains 0^- This defines the standard partial 
ordering for nilpotent orbits, defined so that Oe' > Oe if Oe' D Oe- So, partial ordering 
of nilpotent orbits in g determines the partial ordering of the Tf^lg] theories via Higgsing. 
Under this partial ordering, the maximal (largest) nilpotent orbit is called the principal (or 
regular) nilpotent orbit Oprin, which is the orbit through a generic nilpotent element. 

Partial ordering for classical g is given by the ordering of the corresponding partitions, 
defined so that p = [ui] > p' = [n'j] if and only if Yli=i ^i — Yli=i K ^'^^ ^^^ ^- Two very-even 
orbits of so(4A^) that have the same partition type cannot be compared. See the examples 
in Table [21 For g = su{N), it is particularly clear that partial ordering of nilpotent orbits 
is consistent with physics of the T'^{q) theories, since the 3d mirror of T^Iq] is given by the 
3d quiver gauge theory of the form 

[S\J{N)] - SU(£i) - SU(£2) (2.5) 

where ii = N — X]i=i '^j- The condition p > p' implies that ii < i[. Then, it is easy to see 
that we can go to the Coulomb branch of SU(£^) where the unbroken theory is SU(£j), i.e. 
we can Higgs from the theory corresponding to p' to the one corresponding to p. This point 
was already made in, e.g., [I7j in the context of the corresponding 4d theory. 

Let us denote by F{p) the subgroup of G commuting with the image of p. Since TP[g] 
is obtained by giving the Higgs vev e = p(cr+) to T[g], the theory T^^Iq] has Higgs flavour 
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su(6) 

[6] 
[5,1] 
[4,2] 
[4, 1^] [3^] 

[3,2,1] 

[3, 1^] [2^] 

[2M'] 

[2, A 

[A 



[^ 



21/ 



[2 



41/ 



so(8) 

[7,1] 

I 

^[5,3]^ 

[5, 1^] 

"[3^1< 

J3,2M]^ 

[3, 1^] 

V,l< 

[l'«] 



[4 



21// 



[2' 



41// 



Table 2: Partial ordering of the su(6) and so (8) nilpotent orbits. 

symmetry F{p). Therefore, we can give T^[0] mass deformations associated to the lowest 
component of the 3d A/'=4 current multiplet. In the language of the S-dual boundary 
condition, this corresponds to deforming the condition (12 .ip to 



*l,2,3(s) ~ p(ri,2,3)/s, "^4,5,6|s=0 = "i4,5,6- 



(2.6) 



where ^4,5,6 are elements of g that commute among themselves as well as with p. 

For classical g, the Lie algebra f(p) for the flavour symmetry group F{p) for p of partition 
type [rij] is given by the following formulae : 



i 

© 30{ri) © 

iodd 

© 5p(ri/2) 

iodd 



when Q = su{N), 
sp(r,/2) when g = so(2A^ + 1) orso(2A^), 

n 

© so(rj) when g = sp(A^). 



(2.7) 



2.2 The Coulomb branch of T^[5] and the Spaltenstein map 

Next, let us consider the Coulomb branch of the T'^[q\ theory. This is a subset of the 
Coulomb branch of T[q], which is the nilpotent cone ATgV. Hence, it is natural to expect 
that the Coulomb branch of Tp[q\ be a union of closures of certain nilpotent orbits in g"^; 
we will see that this is indeed the case. When g is of classical type, the theories T^[q] can 
be constructed via an arrangement of branes. Let p be the partition corresponding to the 
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nilpotent element e = p{cr^)- When q is of type A [27j, or type C and D [43j, the Coulomb 
branch is in fact the closure of a single nilpotent orbit Og where e is a nilpotent element of 
g^ , whose partition type is given by p* when q is of type A, p^^B when q is of type C, and p*D 
when g is of type D. Here, for a partition p = [rii, . . . , Uk], p* is the transpose partition to 
p, p'^ is the augmented partition [ni, . . . , n^, 1], p~ is the reduced partition [ni, . . . , ra^ — 1], 
and Pb,c,d stand for the B-, C-, and D-collapses, respectively, of p, and are defined to be 
the unique maximal B-, C-, D-partition q satisfying p > gj£| 

It turns out that this combinatorial operation agrees with a map d : Mq/G — t- Mq^ /G^ 
defined for any simple Lie algebra g, known as the Spaltenstein mapU The statements in 
the previous paragraph then amount to d(Op) = Oq, where 

g=p* forg = su(A^), q = {pYc for g = 5o(2iV + 1), 

q = {p^yB forg = sp(A^), q=p*D for g = so{2N). 

Here we added the formula for the Lie algebras of type B. 

In other words, our proposal is that the Coulomb branch o/TpIq] is given by the closure 
of the Spaltenstein dual orbit d{Oe) to the orbit Oe, where e = p{o-^)- Notice that if Oe is a 
nilpotent orbit in g, then d{Oe) is a nilpotent orbit in the Langlands dual, g^. 

Let us discuss first one piece of evidence for this proposal. The map d is known to reverse 
the partial ordering of nilpotent orbits: d{0) < d{0') if O > O'. Physically, this means 
that the Coulomb branch of T''[q] is a subset of the Coulomb branch of T^ [g] if T'' [g] can 
be Higgsed to T''[g]. We can state this result in terms of the mixed branches of T[q] theory, 
too. Its maximal Coulomb branch is A/'gV and the maximal Higgs branch is Afg. What are 
the mixed branches? We propose that the total vacuum moduli space of T[q\ is given by 

{{x,y) e ATgV X ATg I d{0,) > Oyandd{Oy) > OJ. (2.9) 

It then follows that if we give a vev e G A/'g to the Higgs branch, the Coulomb branch is 
restricted to the closure of d{Oe). 



^Algorithmically, the C-coUapse is obtained by the foUowing procedure: we pick the largest odd integer 
n appearing odd number of times in p. Pick the largest integer m which is smaller than n — 1 in the parts 
of p. Then change the parts (n, m) -^ (n — l,m + 1). We repeat this process until it stops. Similarly, the 
B- or _D-collapse is obtained by picking the largest even integer n appearing an odd number of times in p, 
picking the largest integer m which is smaller than n — 1 in the parts of p, and then changing the parts 
(n, m) — >■ (n — 1, m + 1), and repeating until it stops. 

^Originally, Spaltenstein [55] defined d^s '■ ^sl^ ^ -^b/^j i-^-j ^ map that takes nilpotent orbits 
in g to nilpotent orbits in g. This map is called the Lusztig-Spaltenstein map. Later, Barbasch and 
Vogan |44| found that this map can be described in a more natural way if one considers instead a map 
dsv '■ J^g/G — )■ A/'gV /G^, which takes nilpotent orbits in g to nilpotent orbits in the Langlands dual g^. For 
simply-laced g, dsv = d^s- We will find it convenient to use dsv in this paper, and will refer to it as the 
Spaltenstein map. We denote it simply by d. 
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Next, we want to understand how the theory behaves under mass deformations. To do 
this, we first need to learn the concept of induction of orbits. 

2.3 Orbit induction 

So far we have considered only nilpotent orbits, i.e., conjugacy classes of nilpotent elements 
of g. Let us now redirect our attention to semisimple (i.e. diagonalisable) elements of g. 
Take a semisimple element m G g. The subgroup L G G which leaves m invariant under 
conjugation is called a Levi subgroup; in physical terms, L is the subgroup of G unbroken 
by a vev in the adjoint field. The orbit 0^ through m has dimensions 

dime O^ = dim G- dim L. (2.10) 

For g = su{N), if we choose m to be a semisimple element of the form 

m = diag( mi, . . , mi^ , . . . , ruk, . . . , m^ ) (2.11) 

with the TUi all distinct (and Y^kmi = 0), then the corresponding Levi subgroup is 

L = S(U(£i)x-.-U(4)). (2.12) 

Let us denote the centre of L by Z, which contains of exponentials of elements of the form 
(12. lip , but possibly with some rrii equal to each other. 

We would like to know what happens to the semisimple orbit Om if we take the limit 
mj — )■ while keeping L fixed. For example, for g = su(2), we can take the limit 

(2.13) 

The left hand side is diagonalisable as long as m y^ 0, and L = U(l), and its m — )■ limit 
is the nilpotent element e. In terms of orbits, we have Om — > Oe- 

We can also consider a generic element x G g, not necessarily semisimple or nilpotent. 
Any such x has a decomposition x = Xg + Xn where Xg is semisimple, x„ is nilpotent and 
[x„,Xs] = 0. Let L be the Levi subgroup that stabilises Xg. Then x„ G [, where I is the Lie 
algebra of L. The pair ([,0^^), where O^^ is the nilpotent orbit in [ that contains x„, is 
called the g- Jordan class of x, which is a natural generalisation of the Jordan normal form 
for N X N matrices. The dimension of Ox is given by 

dime Ox = dim G - dim L + dime O^ . (2. 14) 
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Now, for a fixed Jordan class (I, Ol), consider the orbit Om+e where m is a generic element 
in the centre 3 of [ . The orbit Om+e in the limit m — )■ tends to another nilpotent orbit 
Oe', which we denote by IndfO^: 

lim Om+e -^ Oe' = Indf 0[. (2.15) 

This process is called induction. As an example, let us take q = su{N) and the Levi 
subalgebra [ to be the Lie algebra of (I2.12p . Then Oe = Indf Oq is a nilpotent orbit of 
su{N), whose partition [ui] is the transpose partition to [ii]. The first example f l2.13p was 
for [ii] = [1,1] and [ui] = [2]. The algorithm to calculate, for classical g, the induced orbits 
given the partition can be found in |1T]. For exceptional g, the table of the induction is 
given in |15] . 

One property of induction is 

Indf, Indf O^ = Indf O^, (2.16) 

where I C I' C g. Also, the induction and the Spaltenstein map are related through: 

d(O0) = IndfJrf(Oi). (2.17) 

More generally, we can consider 

lim Om+e -^0, = Ind^z + Ol) (2.18) 

m—^z 

where z is an element of the centre 3 of the Levi subalgebra [. When 2; is a generic element 
of 3, Ox is just the orbit Oz+e- However, for nongeneric z such that the Levi algebra I' which 
commutes with z is bigger, l' D I, O^ is the orbit through z + Ind[ 0[. The property (12.161) 
then guarantees that the orbit lnd['(z + 0^), as subsets of g, changes continuously as we 
change z. Finally, induction preserves codimension: 

dim G - dime Indf 0[ = dim L - dime O^. (2.19) 

Note that inductions from two different Levi subalgebras can lead to the same orbit. Let 
g = so (8), and consider the Levi subalgebra [ = u(2) x so (4) which is a commutant of an 
element of the form 

diag(m,m, —m, —m, 0,0,0,0), (2.20) 

and another Levi subalgebra of the form I' = u(3) x u(l) which is a commutant of an element 
of the form 

diag(?7i, m, m, m', — m, —m, —m, —m!) . (2.21) 

The principal elements in I and [' have the partition type [3, 2, 2, 1] and [3, 3, 1, 1] in so(8) 
respectively. Therefore, we have 

Indf O^ = Indf c^(O^J = rf(0[3,2,2,i]) = 0[3,3,i,i], (2.22) 
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and 

Indf, Ol = Indf, d{Ol.J = rf(0[3,3,i,i]) = 0[3,3,i,i], (2.23) 

which are the samelj For both hnes, the first equahty is the duahty between the zero orbit 
and the principal orbit; the second is the relation of d and Ind in (12.171) . and the third is 
the formula <^^. This means that the theories T^^^'^'^^^\5o{%)] and T[3'3.i.i][so(8)] have the 
same Coulomb branch. However, the these theories are different 3d theories, with different 
Higgs branches. 

2.4 Mass deformations of Tp[q\ 

The TP[^ theory has the Higgs flavour symmetry Gp, so can be deformed by a mass pa- 
rameter m4^5_6 which is in the Cartan of g^. We call the deformed version T''''"[g]. The 
mass deformation should modify the Coulomb branch to be an orbit whose semisimple part 
is m = m4 + ims, because that is what gives the boundary value of $4,5,6, in particular of 
$ = $4 + 2$5 in (12. 6p . This should be a deformation of the Coulomb branch of ^^[g], which 
we proposed to be diOe) where e = p{cr^). 

These required properties can be nicely realised if we assume that the Coulomb branch 
o/T^''"[g], as a complex m,anifold, is given by Indfv {m + d{0^^) where [ is the smallest Levi 
subalgebra containing eU This proposal passes a few consistency checks: 

• First, T^'™'[5u(A^)] can be realised as a quiver gauge theory, and its Coulomb branch 
when m is generic is just the orbit Om [27]. Let us confirm that this agrees the proposal 
above. Suppose e = p(o"^) has the partition type [£j], or equivalently e has Jordan 
blocks of size £j. The smallest Levi subalgebra [, containing e, is just (I2.12p . Hence, 
e is a principal orbit in [, and (i(Og) = Oq. Then Ind^v {rn + Oq) = Om, because m is 
already the generic element in the centre of I. 



^The limit is as subsets of q. In [MIIIT], Vogan showed that the hmit can be a finite cover of Ox if the 
hmit is taken in another way as fonows. Namely, consider the variety Xm = Gc xpc {'ni + 0^ + n), where 
Pc is a parabolic subgroup containing the complexified Levi subgroup Lc, and n is the nilradical of the Lie 
algebra of Pc- It was shown that Xm is generically the orbit Ind^ {ni + Og), but when m = it is a partial 
resolution of singularities of a finite cover of the orbit Ox = Ind^(Og). When Ol is the zero orbit, Xq is 
just T*{Gc/Pc) and is smooth, which can then be blown down to the closure of a finite cover of Ox- See 
also [48l|49]. With this procedure, the induction from I gives 0[3,3,i,i], while the induction from [' gives the 
double cover of Op, 3.1,1]- Vogan conjectured that when two inductions give the same nilpotent orbit Og, 
the finite covers of Og one obtains in this construction are always different. It was announced in |50[ 151] 
that the conjecture was proved. 

^The mass term me changes the Kahler structure of the nilpotent orbit, and partially resolves its singu- 
larities. This should be given by the construction of Vogan, see footnote [T] In particular, when p(cr^) is a 
principal element in a Levi subalgebra [, the smooth resolution is T*{Gc/ Pc)- 
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Second, it behaves as required when m — )■ 0, because 



hm Indfv (m + ci(Ol)) = Indfv {d{0[)) = d{Ol) (2.24) 

m— >-0 



, (I2I7D@ 



thanks to the fundamental relation between d and Ind 

• Third, it behaves nicely under the spontaneous breaking of the bulk 4d A^=4 theory 
and the S-duality. In the massive boundary condition fl2.6p . let us make the mass 
parameters m very big. Then the bulk gauge symmetry G is broken to L', the Levi 
subgroup commuting with m. In this limit, the boundary condition ( 12. 6 p can be 
considered as a massless boundary condition (12. ip for the 4d A/'=4 theory with gauge 
group V , with the same Nahm pole p. Let us study this from the S-dual point of view. 
The boundary condition is now the 4d A^=4 theory with gauge group G^, coupled 
to T'''™[0]. This has the Coulomb branch Om+e' where e' is a nilpotent element in 
Oe' = Ind[v c?(Og) = d{0\). Now couple the bulk G"^ gauge group to this orbit Om+e'- 
The semi-simple part m breaks the gauge group to L'^, to which the orbit Oe' couples. 
Indeed, O^' = d{0\) is the Coulomb branch of Tp[{'] theory. 

2.5 Distinguished, rigid and special 

In this section, we will explain the properties of nilpotent orbits in more detailed terms; a 
reader who is mainly interested in the properties of defects of the 6d theory can skip it. 

2.5.1 Distinguished orbits and the Bala-Carter classification 

Let us summarise the general feature of nilpotent orbits in g. One way to characterise a given 
nilpotent orbit Og through e G is to consider the smallest Levi subalgebra \ containing e, 
and specify e inside [. The orbit 0\ in [ has the property that the smallest Levi subalgebra 
containing e is [ itself. Such an orbit is called distinguished in [. The theorem of Bala and 
Carter states that the nilpotent orbit of q is in bijection with the pair (t, Og) where ( is a 
Levi subalgebra and Og is a distinguished nilpotent orbit in it. Note that Og is distinguished 
in Q if and only if its flavour symmetry F{0) is a discrete group. 

For Q = su{N), the only distinguished orbit is the principal orbit, i.e. the one with the 
largest Jordan block, with the partition [N]. Therefore, in the pair ((, Og), the distinguished 
orbit in each simple factor of type A of [ is uniquely fixed. For other classical g, an orbit 
is distinguished if the corresponding partition [rij] has no repeated parts. For example, a 
nilpotent element e of Dg whose partition is [5, 4, 4, 3] is in a Levi subalgebra U(4) x SO (8). 



^If the limit is taken as in footnote [71 or in other words by giving a nonzero real mass term and then 
taking the zero mass limit as in footnote 13 it can result in a finite cover of the orbit d{0^). This suggests 
that the Coulomb branch of the massless TP[g] could, itself, be a finite cover. 
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The element e is a sum of nilpotent elements e' G su(4) and e" G 50 (8), of partition types 
[4] and [5,3], respectively. They are both distinguished; [4] is principal as it should be, and 
[5,3] is a non-principal distinguished orbit of so (8). 

An orbit is called rigid if it is not induced from any nilpotent orbit in any proper Levi 
subalgebra. Zero orbit is always rigid, and is the only rigid orbit for g = 5\i{N). For any 
other g, the minimal nilpotent orbit (which is the orbit of a generator whose root vector is 
long) is known to be always rigid. But the concept of rigid orbits does not play any role in 
our paper. 

2.5.2 Special orbits and the Spaltenstein map 

Let us come back to the point that the Spaltenstein map 

d : {nilpotent orbits of q} — t- {nilpotent orbits of g^} (2.25) 

is not quite an involution for g ^ su(A^); they satisfy d^ = d. If a nilpotent orbit Oe is an 
image of d, i.e. Oe = d{Oe'), the orbit Oe is called special. Then the Spaltenstein map is an 
involution li^ = 1 on the set of special orbits. In our physical setup, the Spaltenstein map 
d connects the type of T^[g] theory, which is specified by the orbit Oe through e = p(o"^), 
and its Coulomb branch, d{Oe)- As the appearance of the orbit Oe and d{Oe) in our setup 
is not symmetric, the failure of d to be an involution should not surprise us. 

For a special Oe, the set of orbits O such that d'^{0) = Oe is called the special piece of 
Oe', for such non-special O, Oe is the unique smallest special orbit larger than O. Among 
nilpotent orbits of a fixed g, there are usually more special orbits than non-special orbits. 
The Spaltenstein map is order-reversing, d{0) > d{0') if O < O', and therefore d is an 
order-reversing involution on the special nilpotent orbits, as is illustrated in Tables [131 [IH 
[T6] and [19] of exceptional nilpotent orbits. There, the dotted line connects two orbits in the 
same special piece. 

So far, we introduced in this section three adjectives for the nilpotent orbits, distin- 
guished, rigid, and special. Intuitively, a distinguished orbit O is 'rather large', because 
the only Levi subalgebra containing a nilpotent element e G O is g itself. Conversely, a 
rigid orbit O is 'rather small', because it is not induced from any smaller Levi subalge- 
bra. No distinguished orbit is rigid. This is a consequence of a more general fact that a 
distinguished orbit O is always induced from a zero orbit from a proper Levi subalgebra 
(, i.e. O = Ind^ Oq. This in turn means that a distinguished O is always special, because 
O = Indf Oq = Indf (i(Opj.j^) = d{Oe), where e G Op^j^ C t C g. Rigid orbits can either be 
special or non-special. 

For general g, Oq is always the smallest. The principal orbit Oprin is the maximal orbit 
and is the dual of Oq, therefore the dimension is 

dime Oprin = dime Ind^ Oq = dim G — rank G (2.26) 
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where () is the Cartan subalgebra; here we used (I2.19p . Its closure is the whole nilpotent 
cone, Oprin = A/'g. The orbit of a generator E^ for a long root a is always the minimal 
nilpotent orbit Omin (which is, strictly speaking, next-to- minimal in the ordering). Let 
us consider su(2) generated by E±a, and consider the corresponding Levi subalgebra i)' = 
su(2) X u(l)'''*'^'^'^~^. The next-to-maximal orbit is called the subregular orbit Ogubreg, and 
equals c/(Omin)- This is given by 

Osubrcg = d{0^,^) = Indl, d(0;^;iJ = Ind^, O^', (2.27) 

which therefore has dimension 

dime Osubrcg = dim G — rank G — 2. (2.28) 

We see that Ogubreg is complex codimension-2 inside Oprin- It is a classic result by Brieskorn 
and Slodowy [52l |53] that the transverse space to Osubrcg inside Oprin is an ALE space of 
type J, with a discrete action of group S, such that g^ is the subalgebra of the simply-laced 
Lie algebra of type J under the outer-automorphism S. 

3 Properties of codirQension-2 defects 

Let us now return to the problem of computing the local properties of our class of codimension- 
2 defects of the 6d theories, in the context of the 4d J\f=2 theories obtained by compactifying 
the 6d theories on a Riemann surface. 

Pick a 6d A/'=(2, 0) theory of type J, and compactify it on a Riemann surface C of genus 
g so that it preserves 4d J\f=2 supersymmetry. We pick points pi (i = 1, 2, . . .) on C, and 
put codimension-2 defects in the class we are studying at the pi. Each pi has an associated 
outer- automorphism Oi of the Lie algebra j. Let us denote by q^ the Lie subalgebra of j that 
is invariant under Oj, and Qi the Langlands dual of g^. Then, the defect at Pi is labeled by a 
homomorphism pi : su(2) — )■ Qi, or, equivalently, by a nilpotent orbit Op.(o-+) of g^. In what 
follows, when we refer to a specific defect on C, we will omit the index i to simplify our 
notation. When the punctures on C are too few, it may not be possible to take a naive limit 
to get a 4d superconformal theory [S^; in this paper we always work in the generic case, 
where such limit can be taken. When this simplifying assumption is met, the introduction 
of a puncture of type p will: 



add a flavour symmetry group factor F{p), 



increase the dimensions of the Higgs and the Coulomb branches by, respectively, 
dimHHlGGS(p) and dime CoULOMB4rf(p), and 
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• increase nu and n^ by nh{p) and ny{p). Accordingly, the central charges a and c also 
get a contribution. 

All these contributions are local, in the sense that they do not depend on the genus of C 
or on the nature of the other punctures. Moreover, CoULOMB4^(p) will always be a linear 
space with an action of the scaling transformation. We will describe below how to find these 
quantities, and we will make various related observations along the way. Admittedly, our 
discussions will not be watertight by themselves. We provide in Sec. 13.51 ample examples 
where our methods can be tested in various ways. 

As a comment on the terminology, let us note that a puncture with zero Nahm pole is 
called the full puncture, and an untwisted puncture with subregular Nahm pole is called 
the simple puncture in the previous literature. An untwisted puncture with the principal 
Nahm pole is the same as having no puncture at all. In the twisted case, a puncture with 
the principal Nahm pole was called a twisted simple puncture. 

3.1 Branch dimensions and local solutions to the Hitchin system 

First, let us consider the local contributions of a defect to the dimensions of the Coulomb 
branch and the Higgs branch. Consider 5d A/'=2 super Yang-Mills with gauge group J 
on M^'^ X C, coupled to the 3d theory T^'[0], which wraps M^'^ and so lives at a point on 
C. In terms of our Setup 1, in Fig. [H we are going from Step 1 directly to Step 5 by 
compactifying on S^. This system was analyzed in [13] for J of type A or type D, but the 
arguments are valid for general J. Under this compactification on S^ , the dimension of the 
Coulomb branch doubles, while the dimension of the Higgs branch is -preserved. The local 
contribution to the Higgs branch quaternionic dimension is 

dime Higgs (p) = dime Higgs (T^[0]) = -(dimG - rank G - dimcOp(<^+)). (3.1) 



The total quaternionic dimension of the Higgs branch is then [13] 

dime HiGGS = ^ dime HlGGS(pj) + rank g', (3.2) 

i 

where q' is the subalgebra of j preserved by the outer-automorphism monodromy on the 
Riemann surface C (noting that there can be monodromy both around punctures and around 
handles of C) . 

The Coulomb branch of the 3d theory is given by the moduli space of the Hitchin system 
of gauge group J, with an outer- automorphism twist o, around the i-th puncture pi, coupled 
to the Coulomb branch d{Op^) of the theory T''^[0]. 

So, to compute the local contribution of a defect to the Coulomb branch, we first need 
to understand the local boundary condition for the Hitchin system near the puncture on C. 
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Before doing this, let us see note that the outer automorphism o introduces a grading for 
the Lie algebra j. The outer automorphism o can be trivial, of order 2 (for j = y42Ar_i, D^)-, 
or of order 3 (for ] = D^). The Lie algebra j splits into a direct sum of eigenspaces under 

the action of o: 

J = ji + j-i for o of order 2, 

] = )i + )uj + ja;2 for o of order 3. 

Here, the lower indices denote the eigenvalues under the action of o, e.g., o{j^^2) = u'^jui^. 
Also, by definition, ji = g^. The grading means that, e.g., [j^Ji^a] c ji. The specific 
embedding of )i = G2 iia j = -D4 can be found in Appendix [Bl 

Now, choose a defect, and let us set the origin of a local coordinate z to be the position 
of the defect on C. If the outer automorphism o associated to the defect is trivial, we call 
the defect untwisted, and it is labeled by a homomorphism p : su(2) — )• j (since, for trivial o, 
) = Q = Q^)y or, equivalently, by a nilpotent orbit Op in j. Notice that the Spaltenstein-dual 
nilpotent orbit d{Op) is also in j. The Higgs field $ in the Hitchin system then behaves as 



<^(z) 



$_ 



$n 



dz. 



(3.4) 



where $_i is an element in d{Op.), and $0 is a generic element in j. We see that the 
introduction of an untwisted defect of type p increases the dimension of the Coulomb branch 
by 

dime CoULOMB4(i(p) = dime CoULOMB3rf(p) = - dime d{Op). (3.5) 

In the following, we just call them dim Coulomb (p). 

When o is nontrivial, we call our defect twisted, and we need to impose 



^e'-'z) = g[omz))]g'' 



(3.6) 



where g parameterises the coset J/G"^ . Specifically, when o is of order 2, our twisted defect 
is labeled by a nilpotent orbit in g, while the Spaltenstein dual orbit lives in g^ = ji- The 
boundary condition for the Higgs field in this case is 



<l>(z) 



$_1 $_i/2 



a/2 



$0 + 



dz 



(3.7) 



where $_i is an element of d{Op.), $-1/2 is a generic element in j_i, and $0 is a generic 
element in ji. 

On the other hand, when o is of order 3, the defect is again labeled by a nilpotent orbit 
in g, and the Spaltenstein dual orbit lives in g^ = ji, but now the boundary condition for 
the Higgs field is 



<^(z) 



"$_1 $_2/3 , "^-1/3 



x2/3 



.1/3 



$n 



dz. 



(3. 
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Here, $_i is an element of (i(Op.), $-1/3 is a generic element in j^^, and $-2/3 is a generic 
element in j^2. 

Altogether, we see that the introduction of a twisted defect of type p increases the 
dimension of the Coulomb branch by 

dim Coulomb(p) = - dime d{Op) + - dim J/G^. (3.9) 

The second term in (13.91) may be a half-integer when o is of order 2. This is not a problem 
because twisted punctures must always come in pairs. 

So, finally, for a theory on a surface of genus g, the total Coulomb branch dimension is 

dim Coulomb = ^ dim Coulomb(pj) + (^f - 1) dimG. (3.10) 

i 

3.2 Surface operators of 4d J\f=^ super Yang-Mills and our defects 

As another way to study the defect, we use Setup 2, given in the introduction; see Fig. |2j 
There, we compactified the 6d theory of type j on a torus T^, which a defect of type p fully 
wraps. Then, at low energies, we get A/'=4 super Yang-Mills with gauge group J with a 
surface operator characterised by p. This surface operator is closely related to those studied 
by Gukov and Witten [311 ES]- In our case, we have a singularity in the adjoint field of the 
form (13.41) . where the residue was in the Spaltenstein dual orbit d{Op). By construction, 
this surface operator is S-duality invariant, because the 6d defect wraps the whole T^. In 
[32] , it was argued that the residue of such S-duality- invariant defect should be in a special 
nilpotent orbit, and indeed d{Op) is special. 

We can turn on the mass parameter m corresponding to the flavour symmetry F{p) of 
the defect of type p. This changes the residue to lie in the orbit O = Indfv {m+d{Op)), where 
[ is the smallest Levi subalgebra containing p{cr~^) as discussed in Sec. 12. 4[ The orbit O is 
semisimple when m is a generic element in the centre of I and d{0^) = Oq, or equivalently, 
when p is a principal orbit in the Levi subalgebra I C g. Then the Coulomb branch of 
T^'™'[0], which is O, is smooth, and there is no problem to treat it as a non-linear sigma 
model with the target O. This is then really just the surface operator in [31], where this 
was called a surface operator of Levi type I. In other words, the surface operator of Levi 
type I in fSlf comes from a generic mass deformation of 6d defect of type p, corresponding 
to the principal nilpotent element in [. 

For other choice of p and m, the orbit O in which the Hitchin pole resides, or equivalently 
the target of the nonlinear sigma model living on the surface operator, is singular. Therefore 
we need to specify what physically happens at these singularities. The construction from 
6d naturally provides one: we have the dimensional reduction on S^ of the 3d theory T''[0] 
at the surface operator. Note that more than one p can give rise to the same Hitchin pole 
in d{Op); nonetheless, they give different physics. 
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Let us consider putting the 6d theory and the defect on a more general Riemann surface 
C, and perform Nekrasov's deformation on the 4d side, with parameters ei 2- This will 
lead to a 2d theory on C. When g = 5u{N) , it was suggested in [33] that this theory 
has the W-symmetry W{su{N),p) at the parameter 6^ = e2/ei, obtained by the quantum 
Drinfeld-Sokolov reduction. This proposal has been checked to some extent by recent works 
[3^ [35l [36] . It seems natural to propose then that this setup, with general g and p, give 
rise to a 2d system with the symmetry W{q,p). This is in accord with the conjecture made 
when p is principal in a Levi subalgebra in |55] for the finite W-algebra. 

The 2d central charge was calculated in [371 [38] and has the value 

1 , 24 h ^^h h , , 

C2d = dim 00-2 dim 0i/2 + -^Pg ■ Pg + 12pg ■ - + 246 - ■ - (3.11) 

where pg is the Weyl vector oi q, h = p{cr^), and we decomposed q into 

= 0i (3.12) 

where j is the eigenvalue of the action of h/2. Note that when p is principal, the corre- 
sponding h/2 is the Weyl vector pgv of the dual algebra q^ , and the formula (13. lip becomes 
the central charge of the standard W-algebra W{g) 

C2d(0,p) = rankG' + 24|ipg + 6pgv| , (3.13) 

which shows the symmetry exchanging (1/6,0) i — > (6,0^). 

The defect of type p has flavour symmetry F{p), and the corresponding W-algebra 
W{q,p) has the affine Lie subalgebra f(p). The current algebra level of f(p) was also calcu- 
lated in [38]. Recall that F{p) commutes with p{su{2)). Therefore, the adjoint representa- 
tion can be decomposed as 

0=0^.® V, (3.14) 

where Vj is the irreducible representation of su(2) of spin j, and Rj is a representation of 
f(p). Choose generators T"-'' of a simple subalgebra f C f(p) so that tr^/ T"T^ = /^^(f)5"^ 
where /i^ is the dual Coxeter number. Denote by / the natural embedding / : f(p) — )■ 0. 
Then the level of f is given by 

k2,{m' = fc2,--^trg/(T")/(T^) + J2^jtTjiT^T' (3.15) 

where k2d = ^^^(0) + V^^ is the level of the affine algebra before the Drinfeld-Sokolov 
reduction. 



20 



3.3 Central charges 

Four-dimensional conformal field theories have two Weyl anomaly coefficients, a and c. For 
4d N'=2 theories, it is more convenient to use n^ = 4(2a — c) and n/j = 4(5c— 4a), normalised 
so that riy counts the number of free vector multiplets and rih counts the number of free 
hyper mult iplets, for completely free theories. Adding a defect of type p increases these 
central charges by n^,(p) and nh{p). The total n^ and n^ of a 4d M=2 SCFT are 

Uy = 2_^''^viPi) + (g — ^)i^h^iJ) dim J + rank J), 

(3.16) 



fih 



Y,MP^) + {9-'^)i|h''{J)dunJ). 



The global terms, which are proportional to {g — 1), were calculated in [561 EZ] using the 
anomaly polynomials of the 6d A^ = (2, 0) theories determined in [5H1 EHl 160] . 

Let us consider how to obtain n^hip) for general q, for which descriptions as quiver gauge 
theories are not necessarily available. Note that not only n^^h{p), but also the 2d central 
charge C2d ( 13. lip should come from the anomaly polynomial of the defect of type p. On fiat 
space, a codimension-2 defect has its a(p) and c(p); the SO (2) rotation of the transverse 
space to the defect is a flavour symmetry, and it has a flavour symmetry central charge 
kxip)- The n„(p) and nh{p) are a certain linear combination of these three fundamental 
quantities, determined by the R-symmetry twist needed to preserve 4d M=2 supersymmetry 
when the 6d theory is put on a curved Riemann surface. 

The central charge of the W-algebra W{q, p) should have the same origin. Note that the 
standard W-algebra Wij) = Vr(j,Pprin) corresponds to the absence of the defect when q is 
simply-laced; therefore, the contribution from the presence of the defect of type p iso 

Sc2d{g, p) = C2d(0, p) - C2d{h Pprin) 

1 h h h 

= (dim 00 - rankj) + -dimsi/2 + 12(pg • - - Pj ■ Pj) + 2462(- ■ - - Pj ■ Pj). (3.17) 

This suggests that a(p), c{p) and kxip), and hence also nh{p) and n^i^p), could be expressed 
as linear combinations of 

h h h 

dimgo- rankj, dim 01/2, Ps ' ^ ~ Pr Pv l^' 1^- P]' Py (3-18) 

Since we already know the quantities nh{p) and n^^p) for type J = A, C and D from the 
analysis of quiver gauge theories, we can readily check if the suggestion above works. It 



^''We normalise the length of roots so that Pg • Pg = Pj • Pj so that the term proportional to 1/6^ goes 
away, since the equivariant integral of the anomaly over the worldvolume of the defect produces terms only 
of the form 6^ or 1 in p.l7p . as discussed in [35]. 
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indeed does, and we find that nh{p) and nv{p) are given by 



h 1 
nh{p) = 8(pj ■ Pj - Pg ■ 2) + 2 dim 01/2, (3.19a) 

nv{p) = 8(pi ■ Pj - Pg ■ 2) + 2^"^^^^) - dim So)- (3.19b) 

Note that p] ■ P] = ^h"^ {J) dim J. 

The relation between the level of the 2d current subalgebra f (p) of W{q, p) and the level 
of the 4d flavour symmetry f(p) was already studied in [35] for g = su(iV). The analysis 
there showed that k^^dif) = 2/i;2d(f)li/b2=o- Using (13.151) . we find 

k^ifW = -2trg/(n/(T^) + 2^2Jtr«T"T^= 2 J]trHT'^T^ (3.20) 

3 J 

where Rj and / were already defined in (I3.14p . As a check, let p = 0, f(p) = g. Then, 
-Ro = 0; Ri>o = 0, and we have k^did) = 2/i^(0), as expected. 

3.4 Contribution to the 4d Coulomb branch 

3.4.1 Preliminaries 

The Coulomb branch of any 3d 7V=4 theory is a hyperkahler manifold, and is in particular 
a holomorphic symplectic manifold. If it arises as an 5"^ compactification of a 4d J\f=2 
theory, this holomorphic symplectic manifold is completely integrable jM| E2], i.e. it is a 
lagrangian fibration over a Kahler base B, such that the generic fibre is an abelian variety. 
The base, B, is the Coulomb branch of corresponding 4d theory. In our case, the Coulomb 
branch of the 3d theory is the moduli space of the Hitchin system. We computed the local 
contribution by a defect of type p to the quaternionic dimension of the 3d Coulomb branch, 
as thus also to the complex dimension of the local 4d Coulomb branch, in (13. 5p . (13. 9p . 

The 4d A/'=2 theory is superconformal, so its Coulomb branch actually has a finer 
structure. The scaling symmetry sends ^{z) — )■ t^{z), which preserves the form of the 
singularities because nilpotent orbits are cones. The scaling symmetry also makes B into a 
cone. For all known cases, B is in fact just a graded vector space. Assuming this statement 
to be always true, one can choose the generators Ui of the chiral ring of the 4d Coulomb 
branch which form a basis for B unambiguously. Let n^ be the total number of Ui whose 
scaling dimension is k. Then we should have 



dimc(5) = J]nfc. (3.21) 



it 



The rifc receive a local contribution ^^(p) from a defect of type p. The local contribution 
nk{p) and the local contribution n^lp) to the effective number of vector multiplets n^ are 
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related by 

^.(P) = $^(2A;-I)nfc(p). (3.22) 

k 

This expression was proven in [10, [63]. Now we would like to compute the local contributions 

nk{p)- 

Let p('^'')(<J)) (a = 1, . . . , rank J) be the degree-rfa symmetric invariant polynomial of j, so 
that P^*^") generates all the invariant polynomials. Let 0('^°^(^) be the invariant polynomials 
constructed from the Hitchin field ^{z), i.e. (/)('^"^(2;) = P^'^''\^{z)). Then, (l)'''^°'\zi) and 
0('^fc)(^2), for any da-, dj,, Zi, Z2, Poisson-commute by construction. We expect them to provide 
a set of complete integrals of motion. We assign to (p^'^'^^z) a scaling dimension da- 
Let us introduce punctures of type pi a.t z = z-i- Then, the singularities (13. 4p . (13. 7p . (13. Sp 
give rise to a pole of order at most pda (p) iii the 0'^" (z) at 2; = 2;j; pda i^ciy be fractional when p 
is a twisted puncture. The number of degrees of freedom in the meromorphic (ia-differential 
(j)^'^-\z) is 

^p,,(p,) + (l-^)(24-l). (3.23) 

i 

Considering the second term above to be the contribution from the bulk of the Riemann 
surface, we see that a puncture of type p, inserted say at 2; = 0, effectively adds Pdaip) 
Coulomb branch operators of scaling dimension daL3 More concretely, we can identify these 
operators with the coefficients 0^" of the poles of order z~'' in (p^^'^^z), where < k < 
Pda- However, these coefficients 0^ " are not always the most elementary Coulomb branch 
operators. Rather, they are polynomials in the true generators of the Coulomb branch 
operators introduced by p. Indeed, the coefficients 0^ " usually satisfy rather intricate 
constraints]^^! 

To see how this is possible, let us consider the untwisted boundary condition (13. 4p : the 
twisted case can be treated similarly. We consider 

dz 
$(;2) = e— + ^odz + ■■■ (3.24) 

where e is a fixed element in the Spaltenstein-dual orbit (i(Op)O The allowed continuous 
gauge transformations are of the form 

9iz)=go + giz^ , 9o^ de = {x \ [e,x]=0}, giyo^Q- (3.25) 



^^It is not a problem ii pda is fractional, as is the case for twisted punctures, because the total number of 
Coulomb branch operators of scaling dimension da is always an integer. 

^^Gukov and Witten [32] call these constraints the fingerprint of a Hitchin pole, and pointed out their 
relation to the Kazhdan-Lusztig map. In principle, this map should also determine the information we need, 
but we have not been able to deduce the algorithm connecting the two. 

^•^Note that in fixing the residue to be e, we break the naive scale invariance $(z) —J- t^{z). However, the 
scaling e — ?► te can be undone by an action of q, which we can combine with the original scaling symmetry 
to define a new scaling action. 
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We want to find functions of $o that are invariant under fl3.25p . The coefficients 0^ 
introduced above are indeed invariants, but they are not necessarily the most basic ones. 
Let us study the cases q = 5u{N) and q = so{2N) first, to get intuition about the mechanism 
at work, and then we will state our general proposal in Sec. 13.4.41 

3.4.2 The case q = su{N) 

Let us define (p^'^^z), d = 2,...,N, through det(a; + ^{z)) = x'^ + Y,d (p^'^Kz)x^-'^. For a 
puncture p, the {pd{p)} was called the pole structure in [TT], and the algorithm to compute 
it was given. The (j)], , 2 < d < N, I < k < Pd{p) are actually independent in this case. So, 
they directly form a basis of generators for the Coulomb branch operators. As an example, 
take N = 7 and p = [3, 2, 1, 1]. The pole structure for p is {pd}d=2,...,7 = {1, 2, 3, 3,4,4}. So, 
this defect adds 17 operators to the Coulomb branch. The Hitchin orbit d{Op) has partition 
[4,2,1], so, using (13. 5p . we find dime d{Op) = 34, which agrees with 2J2Pd- Also, using 
fl3.19bp . we can compute n^{p), and it agrees with J2i'^d ~ ^)Pd- This case was further 
analyzed in [121 [U] • 

3.4.3 The case g = so{2N) 

Let us define (f)^'^\z), d = 2,4...,2N, through det(x + <l>{z)) = x^ + ^^(t)^'^\z)x^-'^. 

The term with d = 2N is actually a square, (p^'^'^^z) = ((p^'^\z)] . The Pfaffian (jy^^^z) 
has a pole of order up to pn- So, the pole structure for an so(2A^) defect is of the form 
{P2,P4,P6, • • • ■,P2N-2'iPn}- The structure of the 0^ and the constraints they satisfy was 
studied in detail in [20]. Here we summarise the results, and make relevant observations 
along the way. We first consider g = so (8). 

First example. Take p = [5,3]. Then, the Hitchin pole is d{Op) = 0[22i4], which has 
complex dimension 10. Then, dim Coulomb (p) = 5 and n^(p) = 39. From the Hitchin 
pole, we find a pole structure {p2,P4,P6]P4} = {1)2,2;1}. There is just one constraint, 
02 = (01 )^/4, and so the defect contributes to the total number of operators rid of scaling 
dimension d with (n2(p),n4(p),n6(p)) = (1,2,2), which does reproduce dim Coulomb (p) 
and n^i^p). 



^4 5 



Second example. Take p = [3,3,1,1]. Then d{Op) = 0[3^3.i^i], with dime O^a^s^i^i] = 
ny{p) = 69. From the Hitchin pole, we find {p2,P4.,P6',P4} = {1,2, 4; 2}. One finds that 
seen as a polynomial in the components of $o in (I3.24p . is always a square, 04 = (03 Y- 
However, unlike the previous example, Og is not a pole coefficient 0| , but a new invariant 
of dimension 3, which is a more basic Coulomb branch operator than 0^ . So, it is 03 5 not 
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04 , that should be added to the set of generators of the Coulomb branch. Let us try to 

(3) 

understand where this a)^ parameter comes from. 

For a fixed element e in the Hitchin pole, Op, there exists an so(6) Lie subalgebra of so(8) 
that contains e. We can restrict the Higgs field $(z) to such so (6), and the corresponding 
so (6) Pfafiian is of the form 



Pfaff 



^(z) 



so(6) 



of 

Z^ 



+ ... (3.26) 



This is equivalent to restricting the so(8)-nilpotent orbit with partition p = [3, 3, 1, 1] to the 
so(6)-nilpotent orbit with partition [3,3]. 

So, 02 arises as the coefficient of the leading pole in this so(6)-restricted Pfaffian. 
Now, 02 is a good Coulomb branch operator in the so (8) theory because both the mag- 
nitude and its chosen sign are invariant under continuous transformations (13.25^ . We find 
{n2{p) , n^^p) , n4{p) , riQ^p)) = (1,1,4,3), which reproduce dime O and n^^p). 

Third example. Take p' = [3,2,2, 1]. Then d{Opi) = 0[3,3^i,i]. This is exactly the same 
Hitchin pole as in the previous example, which was for p = [3, 3, 1, 1]. Using the terminology 
introduced in Sec. 12.51 Opi is a non-special nilpotent orbit, while Op is special, and, in this 
case, d{Op') = d{Op) = Op. 

Naively, the Hitchin systems associated to p and p' are the same. However, nv{p') = 75 
is different from n^(p) = 69. This can be reproduced if we consider 04 , rather than Og , 
to be a Coulomb branch operator. In that case, we get {n2{p'),n4^{p'),nQ{p')) = (1,4,4), 
which reproduces the desired ny{p') = 75. But then, how we can prevent 04 from being a 
square? 

Consider the subgroup of SO (8) unbroken by a fixed element of the Hitchin pole. Op, 
which is (0(2) x 0(2))/Z2. This group has 2 connected components. A (semisimple) element 
of (0(2) X 0(2))/Z2 not connected to the identity is 

s : R^ = R^ ®M.^ ®R^ ®M} 3 a ® b ® c® d ^ a ® {-b) © c © (-rf). (3.27) 

Now, s, of course, belongs to S0(8), but its restriction to the R^©R^ above does not belong 
to SO (6). This means that s will fiip the sign of the so(6)-restricted Pfaffian, i.e., the sign 

f (3) 
of Og . 

Hence, our rule is that for the special Nahm pole Op we impose invariance only under 
continuous gauge transformations (I3.25p . whereas for the non-special Nahm pole Op' we 
impose invariance both under such continuous gauge transformations as well as under the 
transformation s in (0(2) x 0(2))/Z2 C so (8). In both cases the Hitchin pole is d{Op) = 
d{0'p) = Op, but we impose different invariance conditions for the Higgs field <l>. 
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In terms of the corresponding quiver gauge theories, the difference arises as follows. The 
puncture p, together with several twisted punctures of type [6], gives rise to a 4d quiver 
theory with gauge group 

Sp(l) - S0(6) - Sp(3) - S0(8) , (3.28) 

whereas p' corresponds to a quiver theory with gauge group 

Sp(l) - S0(7) - Sp(3) - S0(8) . (3.29) 

Therefore, a Coulomb branch operator with scaling dimension 3 (belonging to SO (6)) in 
the quiver theory for p is converted to a Coulomb branch operator with scaling dimension 
6 (belonging to SO (7)) in the quiver theory for p' . 

A more intricate example. Let = so (40), and 

pi = [9, 9, 7, 7, 3, 3, 1, 1], p2 = [9, 8, 8, 7, 3, 3, 1, 1], 
P3 = [9, 9, 7, 7, 3, 2, 2, 1], p^= [9, 8, 8, 7, 3, 2, 2, 1]. 

In this case, rf(0pj = d{Op^) = d{Op.,) = d{Op^) = Op, where p = [7^,5^42,32, l^]. Here, 
Op-^ is special, while 0^3,3,4 are non-special. The four nilpotent orbits Op^ 2,3,4 constitute a 
special piece. Plus, d{Op) = Op^. 

Computing the 0^ for the Hitchin pole Op, one finds that (jy^2 ^'^^ 036 ^^^ squares, 

rf." = (4")^ 4f = (4f )^ (3.31) 



where 

r 1 ^"^ 

Pfaff $(.) I ^ = ^ + • • • (3.32) 

where so(14) and so(38) are certain subalgebras of 5o(40), and the corresponding restricted 
partitions are [7^] and [7^, 5^,42, 3^]. 

As such, flg fiips sign under an element §[7^5] G SO(40), while a\^ does so under 
S[3,i] G SO(40). Here, s\ni,n2\ is defined as the element 



!)40 _ Trpni ^ Tn)n2 m in)40-?ii-n2 



3a®h®c^{-a)®{-h)®c (3.33) 



where the decomposition of M^" to subspaces is done according to the partition p. 
The 4d quivers corresponding to pi are given respectively by 

Pi:----S0(14) SO(38)----, p2 : ■ ■ ■ - S0(14) SO(39) - ■ ■ ■ , 

P3 : S0(15) SO(38) , p4 : S0(15) SO(39) . 
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So, the change in the local Coulomb branch can be accounted for if we impose invariance 
of operators under discrete elements 

in addition to the invariance under the continuous part (13.251) . Note that the Hasse diagram 
of the partial order among pi is given by 

.. P^ .. 
P2 >3 , (3.36) 

which is the reverse of the inclusion of the discrete groups imposed in (13.35^ . 

3.4.4 General recipe 

With the experience gained from the analysis of defects for g = 5\x{N) and g = so(2A^), 
let us propose the general procedure to determine the number and the scaling dimensions 
of the Coulomb branch operators associated to a defect labeled by p : su(2) — )■ g. In this 
section G is taken to be in the adjoint form. We define A{0) for an orbit O as follows: pick 
e & O, and let F{0) be the subgroup of G commuting with e, and F{0)° the connected 
component of F{0) that contains the identity. Then A{0) = F{0)/F{0)° is the group of 
components of F{0). A{0) is trivial when g = An, is (Z2)^ for some k when g = Bn, Cn or 
Dn, and is Sk for some k when g is exceptional. In particular, A{0) is a Coxeter group. 

Then we claim: The Hitchin pole is given by e & d{Op), and the Hitchin field ^{z) has 
the form fl3.24p . We first find all the functions of^{z) invariant under the connected part of 
the gauge group, generated by ( 13.25^ . Then we further impose invariance under a subgroup 
C{p) C A{d{Op)). The resulting invariant functions are the local Coulomb branch operators. 

The remaining problem is the identification of the subgroup C{p). Here, relatively recent 
work by Sommers and Achar [28l[29| [30] on the theory of nilpotent orbits comes to the rescue. 
They first constructed a map / : O i— )■ {d{0),G{0)) assigning to a nilpotent orbit in g a 
pair, consisting of the Spaltenstein dual orbit d{0) in g^ and a conjugacy class G{0) in 
A{d{0)), which is a certain quotient of A{0) introduced by Lusztig. These maps have the 
following properties [281 EO] 



• /(Oi) = /(O2) if and only if d = O2. 

• /(O) = {d{0), 1) if and only if O is special. 

Just as A{d{0)), A{d{0)) is also a Coxeter group. Using this fact, they then assigned a 
subset of simple reflections fi, . . . ,f^ G A{d{0)) whose product lies in G{0), see [29]. Let 
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ri, . . . ,re be the corresponding simple reflections in A{d{0)), and let C{0) be the subgroup 
of A{d{0)) generated by them. In particular, C{0) is trivial if O is special. 

For = so(2A^), the group C{Op) obtained in this way agrees with the subgroup C{Op) 
identified physically in [20] and reviewed in the last subsection. Thus, we propose that the 
Coulomb branch operators for the defect of type p are invariant under the subgroup C{Op). 

3.4.5 C{Op) for classical q 

In this section we discuss CiOp) for q = Bn, Cn, -D„, and see how it can be used to determine 
the Coulomb branch operators. Let us first describe ^4(0) and ^4(0), as in [281 [29], [30] ■ Let 
be of type B, (C, D), and take a nilpotent orbit O whose partition type is p = [pi,P2, ■ ■ ■]■ 
Let G be the corresponding compact adjoint group. Then F{0), which is the commutant 
of e G O in G, is given by the following formula [H] : 



S n(U(^i))A /{scalar matrices in SL(A^)} when G = SV{N), 

i 

s[n(OW)AX UiMnmr^] whenG = S0(2iV+l), 



jodd 



^ '''™' ^ (3.37) 

s[n(0(^^))AX n(Sp(^*/2))Aj/^2 whenG = S0(2iV), 



jodd 

[n(Sp(r./2))X X II (0(r,))x]/Z2 when G = Sp(iV), 

i odd i even 

where if^ stands for the diagonal subgroup of the direct product of i copies of the group 
H. Therefore, F{0) has a subgroup 0{rj) for each odd (even, odd) part j in p where 
Tj = jj^{i\pi = j}. Denote by Xj a parity transformation in 0{dj). An integer j is called 
markable when there is an odd (even, even) i such that pi = j. Then A{0) is generated by 
Xj for type C, and XjXj' for types B and D. For type G, the simple reflections of A{0) are 
Xj for markable j. For type B and D, the simple reflections of ^4(0) are XjXji for markable 
j and j' such that there is no markable j" such that j < j" < j'. 

Now we can state how to obtain C{0). Let g be of type B, G, or D. Let p, q be the 
partition type of Op, d{Op) respectively. Let q = [gi, g2, • • •]• The conjugacy class G{Op) is 
given as follows. It is possible to split the parts of p* to /i and u, i.e. p^ = jiUu, so that u is 
a distinguished partition of type C, D, D, and yU is a partition of type B, G, G, respectively 
when g = Bn, Gn, Dn- The partition u = [z^i , . . . , z/y] is guaranteed to be the subparts of q, 
and all parts of u are markable. Then the semisimple element in the class G{Op) is given 
by 

For example, take p^ in (I3.30p of the D20 theory. The partition is p = [9, 8^, 7, 3, 2^, 1] 
and the dual orbit has the partition type q = [7^, 5^, 4^, 3^, 1^]. As such, A{Oq) is generated 
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by the parity transformation of (0(2) x 0(2) x 0(2) x 0(2))/Z2, i.e. it is (Za)^ The dual 
partition to p is p* = [8, 7, 5, 4"^, 3, 1]. Then v = [7, 5, 3, 1] and yU = [8, 4^]; indeed z/ is a subset 
of q. The element s = X1X3X5X7 is the product of simple reflections 0:1X3 and X5X7, which 
were denoted by S[3 1] and S[7^5] in (13.331) . Then the discrete subgroup C{Op^) is generated 
by S[3,i] and ^[7,5]. 

As another example, let us consider twisted defects of A3 theory, which are labeled by 
nilpotent orbits of B2. Take defects with Nahni poles pi = [3, 1, 1] and p2 = [2,2, 1]. The 
Hitchin poles are both q = [2^]. Then A{Oq) = Z2 is the parity transformation of 0(2). 
For pi, z/ = 0, and thus C{Op-^^) and C{Op-^^) are both trivial. For p2, u = [2], and thus 
X2 G C{Op^) is the nontrivial element of ^4(0^), and Ci^Op^) = A{Og). The study of the 
invariant polynomials 0(2'^'^) shows that the degrees of poles of (f)^'^\z), (f)^^\z) and (p^^^z) 
are 1,3/2,3 respectively, and there is one constraint of the form 03 = i^L)"^, where OgA 

is a component of $_i/2. Therefore, we identify that the nontrivial element of A[Oq) = Z2 

(2) 
acts on Og/g by the multiplication by —1. Let us denote by n^ the number of Coulomb 

branch operators with scaling dimension d. For pi, we find {n2, 71^,1^4) = (2,3/2,2) and 
^vipi) = 55/2; For p2, we find {n2,n3,ni) = (1,3/2,3) and n^{p2) = 63/2. These n„ agree 
with what we obtain from the general formula ( ]3.19b[) . We can also check the number of 
Coulomb branch operators to the gauge theory analysis in [13] and we find agreement. 

The conjugacy class C{0) for any exceptional nilpotent orbit was determined and tab- 
ulated in [28]. The discrete groups C{0) C ^4(0) can then be easily determined. We will 
show how they can be used in Sec. 13.5.51 and in Sec. 13.5.61 

3.5 Case studies 

In this subsection, we will study various examples, to see how our algorithms work, and also 
to check the outcome against known results in the literature. Each subsections can be read 
separately. 

3.5.1 Q = An and Dn 

Let us first perform more checks of the formulae (I3.19P for n^{p) and nh{p) by comparing 
them to the known results in the literature. These numbers were calculated for g of type A, 
type C and type D in [171 [13 ED] . Their procedure relied on computing the contributions 
to graded dimensions of the Coulomb branch, nk{p)- Given the nk{p), the relation (13.221) 
gives n^ip). 

For the classical groups, a formula for the difference nh{p) — n^{p) was derived from the 
quiver description [HI [13]. Let p be the partition corresponding to p. Define the transpose 
partition, p* = [si] and let r, = Sj — Sj+i be the number of times that "z" appears in p, as 
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p 


f(p) 


rih 


riv 


{n2,n3,ni,. . . ,nN-i, n^) 


[1^] 


5n{N)2N 


l{N+l)N{N-l) 


lN{N-l){4N+l) 


(1, 2, 3,...,N-2,N-1) 


[2, 1^-2] 


5n{N-l)2N-2 

©u(l) 


1{N^-IIN+Q) 


l{AN'^+5N-3){N-2) 


(1, 2, 3,...,iV-2,iV-2) 


'N-l,l] 


u(l) 


N^ 


(iV+l)(iV-l) 


(1, 1, 1,..., 1, 1) 



Table 3: The punctures for Atv-i with zero, minimal and subregular Nahm poles. 



p 


f(p) 


rih 


n^ 


(n2,n4,n6,.. 


■ ,n2N-4,n2N-2] ^n) 


[1^^] 


60(A^)2Ar+4 


lN{N-l){2N-l) 


^N{N-l){8N-7) 


(1, 3, 5,. 


.,27V-5,2A^-3;7V-1) 


[22, 12W-4] 


Su(2)2Are 
SO(27V-4)47V-8 


liiN^-GN^ -IN +12) 


1{8N^-15N^-5N+15) 


(1, 3, 5,. 


.,2A^-5,2A^-4;7V-1) 


[2iV-3,3] 


- 


AN^-iN-10 


4Ar2_4iV-9 


(1, 1, 2,. 


2, 2; 1) 



Table 4: The punctures for Z^tv with zero, minimal and subregular Nahm poles. 



before. Then we have 



nh{p) -ny{p) 



i(^_iV + J].f) if0 = A^-i, 

i 



(3.39) 



iodd 



Combining this with f l3.22p yields a formula for nh{p). 

In similar fashion, the levels of the simple factors in the flavour symmetry algebra, f(p), 
given in (12. 7p were determined to be 



fcj — 2 ^ 



(3.40) 



j<i 



for each su(rj) factor in An_i. For Djy, each so(rj) factor had level 



j<i 



4(5^.,) -8 ifr, = 3 



(3.41) 



s,-. 



(3.42) 



and each sp(rj/2) had level 

We can then compare the new formulas (13.191) . (I3.20p against the ones calculated by old 
independent methods. The results for p the zero, minimal and sub-regular orbits are in 
Tables [3)1^ showing perfect agreement. 
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3.5.2 The full puncture for general simply-laced q 

Next, let us consider the case where p is the zero nilpotent orbit of simply-laced = j, 
i.e., the maximal (or full) untwisted puncture. This is a special puncture, and there is no 
complication from C{p). The flavour symmetry F{p) is just the whole of J, and the level 
is obviously 2/i^(J). Therefore, two such punctures can be connected to an A/'=2 vector 
multiplet of gauge group J with zero beta function. n^(p) and rihlp) can be calculated from 
J KWf and we flnd 

2 1 2 

nt,(p) = -/i^(J) dim J (dim J — rank J), nh{p) = -hl^ (J) dim J. (3.43) 

The Hitchin pole for this puncture is the principal orbit Oprin, with dime Oprm = dim J — 
rank J. The invariant polynomials (j)^'^^\z) have poles of order rfj — 1 at most, where the 
di are the degrees of the Casimir invariants of ]. (For j = Djv? one of these invariant 
polynomials will be the Pfaflian, (j)'^^\) Since ^j(rfi — 1) = | dime Opnn, the coeflicients 
0^ for 1 < k < di — 1 are all independent. We can also verify that 

^.(P) = 5^(2c?i-l)(rf.-l). (3.44) 

i 

We conclude that the local Coulomb branch operators for the defect of type p = consist 
of {di — \) operators of scaling dimension di. lj 



^^ A comment is in order here. Recall that our operators (j)]. is the coefficient of z^^ of P^"**) ($_i/z + $o) 
where $_i G Oprin and $o is a generic element. We have fixed $_i to a particular principal nilpotent element 
above; but instead, we can put $o to a diagonalisable element a and consider 

0^^*) = coefficient of f^^-^ of P^'^'' {x + at) (3.45) 

as functions on a; € Oprin- The principal nilpotent orbit Oprin is a holomorphic symplectic manifold with 
the standard Kostant-Kirillov symplectic form, and these cpi. are known to form complete integrals of 
motion. The holomorphic symplectic form of the Hitchin system on a sphere comes from the symplectic 
forms on the nilpotent orbits giving the residues, the analysis of a single nilpotent orbit can be thought of 
as a local version of our problem. This integrable system, for the principal nilpotent orbit, is called the 
Gelfand-Zcitlin (or Cetlin) system [53], and the way to generate Poisson-commuting functions by shifting 
the invariant polynomial in a shift in a constant direction at as in ()3.45p is called the shift-of-argument 
method of Mishchenko-Fomenko [65j . The restriction of these functions on a smaller nilpotent orbit O is 
known to give complete integrals of motion if Elashvili's condition is satisfied [S^, and Elashvili's condition 
is now known to be always satisfied [67j . Therefore, all nilpotent orbits are now known to be completely 
integrable. The authors thank the posters at |the entry 85467 of MathOverflow| for discussions, in particular 
A. Chervov. In a sense we need a stronger version of this statement, that the ring of integrals of motion is 
a polynomial ring, whose generators are our local Coulomb branch operators. See Appendix VK\ for a more 
precise mathematical formulation. 
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3.5.3 A family of interacting three-punctured spheres 

Consider the 6d A2N-1 theory on the three-punctured sphere with defects: 

• the untwisted defect with subregular Nahm pole [2A^ — 1, 1] oi 5u{2N). 

• two copies of the twisted defect whose Nahm pole is the zero orbit [1^^+^] of 5o(2A^+l^ 
From f l3.19p . the twisted defect [1^^+^] contributes 



n,([l2^+i]) = |iV(4iV2 - 1) 
n,([l2^+i]) = i(32Ar3 - QN^ -5N-3) 

Its contribution to the graded dimension of the Coulomb branch is 



(3.46) 



(n2, ria, n4, . . . , n27v-i, ri2^) = (l, |, 3, . . . , ^, 2N - l) (3.47) 

which agrees with the prediction of (13. 9p for the contribution to the total Coulomb branch 
dimension, 

dim Coulomb([i2^+1]) = i(4A^2 - A^ - 1) (3.48) 

The contribution (13. ip to the Higgs branch dimension is dimHlGGS([l^^^^]) = A^^ and the 
flavour symmetry algebra and its level are f([l^^'''"'^]) = so(2A^ + l)4iv_2. 

Putting these results together with ones for the untwisted sector puncture, collected in 
Table [3l we find that this three-punctured sphere has 

uh = 4iV2 

n, = {2N + l){N-l) 
(n2, ria, . . . , n2N-i,n2N) = (0, 1, 0, ... , 1, 0) (3.49) 

dim HiGGS = 2A^2 + A^ + 1 

f D S0(2A^ + 1)4N~2 © S0{2N + l)47V-2 © u(l) 

where, in the last line, we have allowed for an enhancement of the fiavour symmetry algebra 
over the naive one associated to the punctures. In fact, if we allow for the enhancement to 
f = 5o(4A^ + 2)47v-2 © u(l) (and further enhanced to (e6)6 when A^ = 3), these are precisely 
the invariants of the family of interacting SCFTs that we called R2,2N-i in [IH]. It is quite 
common to find different fixtures which nonetheless realize the same SCFT. In [19], R2,2N-i 
was realized by the compactification of the A2N-2 theory on a three-punctured sphere with 
untwisted sector Nahm poles [(A^ — 1)^, 1], [(A^ — 1)^, 1], [1^^~^]; on the evidence, we believe 
that these two series of three-punctured spheres give rise to the same SCFTs in the 4d limit. 
In particular, i?2,3 is the (-^6)6 SCFT of Minahan and Nemeschansky. 
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3.5.4 The torus with twist lines 

Let us illustrate the formulae (13. ip , ( 13. 9p of the dimensions of the Coulomb and the Higgs 
branches with some simple examples. 

• As a first example, consider the ^3 theory, compactified on T^, with the insertion of 
two simple (principal) punctures, [5], from the Z2 twisted sector. From (13.91) . each 
puncture contributes 

dim Coulomb ([5]) = i dim(su(4)/so(5)) = | (3.50) 

to the Coulomb branch dimension, but nothing to the Higgs branch dimension. Since 
we have twisted sector punctures, q' = so (5). Hence 

dim Coulomb = 5, dim Higgs = 2 (3.51) 

The physical interpretation of this theory is an SU(4) x Sp(2) gauge theory, with 
matter in the (6,4), see [13]. The Coulomb branch is, as expected, 5-dimensional. At 
a generic point on the Higgs branch, the gauge symmetry is broken to U(l)^, which, 
also as expected, yields a 2-dimensional Higgs branch. Moreover, n^ = 25, nh = 24, 
as calculated from (I3.16p . agree with the physical interpretation. 

• As a second example, consider the A2N-1 theory again, compactified on a T^, with 
one insertion of the simple (subregular) puncture, [2A^ — 1, 1]. c?(Osubreg) = Omin, so 
the Coulomb branch has dimension 

dim Coulomb = - dim(Omin) = 2iV - 1 (3.52) 

The dimension of the Higgs branch depends on whether we insert an outer-automorphism 
twist line on the torus. The subregular puncture contributes 1 to dim HiGGS. Without 
the twist line, q' = Q = su{2N), which yields 

dim HiGGS = 1 + (2A^ - 1) = 2A^ . (3.53a) 

With the insertion of an outer-automorphism twist line, q' = 5o{2N + 1), and 

dim Higgs = A^ + 1 . (3.53b) 

These are in accord with the physical interpretation of these compactifications of the 
A2N-1 (2,0) theory. 

— Without the outer automorphism twist, we have SU(2A^) gauge theory with one 
free hypermultiplet and one hypermultiplet in the adjoint. That clearly agrees 
with (I332|) . (133311) . 
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— With the outer autoinorphisin twist, we have two possibihties, related by S- 
duahty. 

* An SU(2A^) gauge theory, with matter in the anti-symmetric tensor of di- 
mension N{2N — 1) plus the symmetric tensor of dimension N{2N + 1). On 
the Higgs branch, the gauge symmetry is broken down to the U(l)^ which 
is the Cartan torus of the Sp(iV) subgroup which preserves the VEV of the 
antisymmetric. The Higgs branch is thus (A^ + l)-dimensional, as predicted 
by d333bl) . 

* A Spin(2A^ + 1) gauge theory, coupled to the SOFT we just discussed in 
§3.5. 31 All the other numerical invariants match this physical description. 
The only one we cannot check directly for general A^ is ( I3.53b[) . because 
the precise nature of the Higgs branch is not currently known. For N = 2, 
however, we can be quite precise. i?2,3 is the (£"6)6 SCFT of Minahan and 
Nemeschansky. Its Higgs branch is known [68] to be the minimal nilpotent 
orbit of Eq, which is 11- dimensional. Upon the Spin(5) gauging, the Spin(5) 
is broken, at a generic point on the Higgs branch, to the Cartan torus. The 
Higgs branch is 11 — 8 = 3 dimensional, again as predicted by ( I3.53bl) . 

3.5.5 Defects of Gs 

Let us treat a case with an outer-automorphism twist in detail: = 6*2- This comes from 
the Z3 outer- automorphism o oi D4. This example will also serve as a model for studying 
exceptional nilpotent orbits. 

Nilpotent orbits of G2 The nilpotent orbits of G2 are tabulated in Table [51 Let E^ be 
the generator of q corresponding to the root vector 7. 

• Consider the zero orbit. The smallest Levi subalgebra containing it is U(l)^ C G2. 
The Bala-Carter classification assigns a label to this orbit, called the Bala-Carter label, 
essentially the non-Abelian part of the Levi subalgebra. In this case the Bala-Carter 
label is just 0. 

• Next, consider the orbit containing E^, where a is the long simple root of 6*2 • The 
smallest Levi subalgebra containing this orbit is U(l) x Ai G G2, and the E^, orbit is 
distinguished in it, because it is principal. This orbit has Bala-Carter label Ai. 

• Similarly, consider the orbit containing Ep, where /3 is the short simple root of ^2- The 
smallest Levi subalgebra containing this orbit is again \J{l)xAi C 6*2 by construction, 
but this subalgebra is not conjugate to the one for E^. To specify that this Ai involves 
the short root, rather than the long one, we we write its Bala-Carter label as Ai. 
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B-C label 


0^0 


dime 


A{p) 


f(0) 


Orbit properties 





00 





1 


G2 


rigid 


Ai 


10 


6 


1 


Ai 


rigid, non-special 


A, 


01 


8 


1 


Ai 


rigid, non-special 


6-2(01) 


20 


10 


^3 


1 


distinguished 


G2 


22 


12 


1 


1 


distinguished 



Go 



Ai 



Ai 



Go 



62(01) 62(01) 
I 







Table 5: Nilpotent orbits of 62 and their partial ordering under closure. 

• Let us next consider the principal orbit, which contains generic nilpotent elements in 
62- The smallest Levi subalgebra that contains it is 62 itself, and so its Bala-Carter 
label is, accordingly, 62- 

• Finally, consider the orbit containing E^ + Ea-, where 7 is the lowest root. Recall 
that the extended Dynkin diagram for 62 is o — o ^ o, so here 7 and a correspond, 
respectively, to the leftmost and middle node. Therefore E^ + E^ is distinguished in 
a subalgebra A2 of 62. However, this is not a Levi subalgebra. There is an order-3 
semisimple group element s of 62 such that the subalgebra of G2 commuting with it 
is this A2; such an algebra is called pseudo-Levi subalgebra. The actual smallest Levi 
subalgebra containing Ej + Ea is 62 itself, and this orbit is distinguished in 62. This 
orbit has Bala-Carter label 62(01). Let us explain this funny label below. 

For a nilpotent element e G g, pick a map p : su(2) — )■ g such that e = p{cr~^). Let 
h = p(o"^), and choose simple roots «« so that the products ctj ■ h are non- negative; one 
can show that these products can only be 0, 1 or 2. We mark the nodes of the Dynkin 
diagram by the corresponding integers a^ ■ h, and the resulting marked Dynkin diagram 
is called the weighted Dynkin diagram for the nilpotent orbit containing e. For instance, 
the principal orbit is known to have ai ■ h = 2 for all i. For other distinguished orbits of 
= Xn, the Bala-Carter label is Xi\f{ai), where i is the number of zeros in the weighted 
Dynkin diagram. If there is more than one distinguished orbit with the same number of 
zeroes in the weighted Dynkin diagram, we label them Xjv(oj), Xjv(6i), . . . , corresponding 
to the distinguished orbits in decreasing order in their orbit dimensions. Coming back to 
the orbit for E^ + Ea, the weighted Dynkin diagram is 2 ^ 0, and so the Bala-Carter label 
for this orbit is 62(01). 

Among the five orbits, 0, Ai and Ai are rigid, while 62(01) and 62 are distinguished. 
The Spaltenstein map exchanges and 62, and maps all three of Ai, A\ and 62(01) to 
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G2{ai). Thus, Ai and Ai are non-special. The transverse space X to the subregular orbit 
^2(01) inside the closure of the principal orbit G2 is complex two-dimensional and has an 
action of 5*3 = A{G2{ai)), which is the symmetric group on three letters. X is in fact an 
ALE space of type 1)4, and the presence of S3 is related to the fact that G2 = G2 is the 
subalgebra of D^ invariant under 5*3. 

Properties of defects Now that we reviewed the nilpotent orbits of G2, the dimension 
of the Coulomb branch dime CoULOMB4(i(p) and the Higgs branch dime HlGGS(p) can be 
determined easily using (13. 9p and (13. ip . n^{p) and nh{p) follow from (I3.19p . 
The Hitchin pole has the structure that we found in (13. 8p : 



<^(z) 






dz (3.54) 



where $-2/3, "^-i/a, "^o are generic elements of D^ whose eigenvalue under o is, respectively, 

^2 ^ g4^i/3^ ^ = e2^i/3 and 1. 

As for gauge- invariant fields, we start from 0(^'^'^)(2;) and 0*^^\ and redefine 

4 6 

Then 0^^^ and 0'^' are invariant under o, whereas 

0L^) = 0W + 2 v^z0(^) , <P^^l = 0W - 2 V3z0(^) (3.56) 

become the eigenstates for u, o;^, respectively. So, 02, 0L , 0^2 , 0^^' form a well-defined basis 
of differentials to describe the Coulomb branch; we will denote their respective pole orders 

The special orbits are 0, G2{ai) and G2, with dimensions 0, 10 and 12 respectively; since 
dimSO(8)/G'2 = 14, we expect the number of Coulomb branch operators to be 7, 12 and 
13. We can study the pole structures and the constraints satisfied by the pole coefficients 
for these Hitchin poles using the explicit embedding of G2 in D4 in Appendix [Bl We find 

• For the Hitchin pole 0^2, {P2,P4,u},P4:,u)2,P6} = {1, y, y, 5}. There are no constraints. 

• For the Hitchin pole 0G2{ai), {P2,P4,ui,P4,Lu2,Pe} = {I, ^5 f'^i- '^^^ constraints are of 
the form 



*S/3 = -6 ((4/1) + i^l) ) . 4" = 8451 ((4?3) - 3 (4;i) ) (3.57) 
where a^L and a 5 ,3 are particular components of $-1/3. 
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Op 


d{0,) 


C{p) 


f(p) 


dim HlGGS 


dim Coulomb 


nh{p) 


n^{p) 


kid 


(^2,^4, rig) 


G2 





1 







7 


48 


49 




(2,3,2) 


G2(ai) 


G2(ai) 


1 




1 


12 


88 


88 




(3,5,4) 


Ai 


Gslai) 


^2 


Ai 


2 


12 


93 


92 


5 


(2,6,4) 


Ai 


G2{ai) 


^3 


Ai 


3 


12 


102 


100 


14 


(1,6,5) 





G2 


1 


G2 


6 


12 


112 


107 


8 


(1,7,5) 



Table 6: Properties of the G2 defects. 



For the Hitchin pole Oq, {^2,^4,1^,^4,^2,^6} = {1, 3, 3,4}- We find the constraints of 
the form 






-6 [a 



.(2) 
4/3 j ' 

(2) ^3 

4/3 



^7/3 ~ ''^1 "4/3' 

4«' = ^ f^f 



+ 2a 



(2) ^(4) 
4/3'i''5/3 



(3.58) 



(2) 
where a\L is a component of $-1/3. 



Using these data, we find the properties of the defects as follows: 

• For the Nahm pole with Bala-Carter label G2, the Hitchin pole is the zero orbit, 0. 
The constraint structure (13.581) means that we have two dimension-2 operators (j)\ 



and a 



i^ ,3 , three^ dimension-4 operators 

operators 02 , (pi . The total n. 
from (l3J9b|) . 



and two dimension-6 



["J 6^^^ (f.f'1 (^f"^ 

5/3' V^2/3' V^4/3' V^l/3' 

2-3 + 3-7 + 2-ll = 49 agrees with what we get 



For the Nahm pole with label G2('2i), which is special, the Hitchin pole is again G2('^i)- 
The discrete group AiO) is 5*3. The constraint structure (I3.57P is exactly what one 



.(2) 



'(2) 



expects for there is an action of 5*3 on the plane spanned by al^L and a^ J . Then there 
are three operators of dimension 2, five operators of dimension 4, and four operators 
of dimension 6. The total n„ is 88, which agrees with that from f l3.19bp . 



For the Nahm pole with label Ai, which is non-special, the Hitchin pole is again 
^2(01). Sommers [28] assigns a subgroup ^2 C ^3 to this Nahm pole. Accordingly, we 
to be the generators of the Coulomb branch operators. Then we 



pick aLg and 



/(2)^2 



have two operators of dimension 2, six operators of dimension 4, and four operators 



^^This is not a typo. Since a Z3 pmicturc cannot be introduced alone, we need to introduce, say, a 
pair. Then the two punctures combined wih have 5/3 + 4/3 + 5/3 + 4/3 = 6 Coulomb branch operators 



of dimension 4, from p.23p . Then we need to assign three Coulomb branch operators to each of the two 
punctures. 



37 



Esiar) 
Erla^) 
Ee{a3)+Ai Deiai) 
A5 + A1 D5{ai) + A2 
Aa + is 



p 


C(P) 


nvip) 


known ops 


known n^ 


Esiaj) 





4064 


6, 6, 6, 6 


44 


Ej{a,) 


(12) 


4076 


6, 6, 6,12 


56 


De{a2) 


(12), (34) 


4088 


6, 6,12,12 


68 


Efiia^) + Ai 


(12), (23) 


4100 


6, 6,12,18 


80 


A5 + A1 


(12), (23), (45) 


4112 


6,12,12,18 


92 


D5{ai) + A2 


(12), (23), (34) 


4136 


6,12,18,24 


116 


-44 + ^3 


(12), (23), (34), (45) 


4184 


12,18,24,30 


164 



Table 7: A special piece in the set of nilpotent orbits of Eg, the corresponding subgroups of 
S5 = A{Es{ai)), Uy and the scaling dimensions of operators governed by subgroups of 6*5. 
The fourth column shows the scaling dimensions of 4 Coulomb branch operators out of the 
104 that each of the 7 defects in the list has. The remaining 100 operators have the same 
scaling dimensions. The fifth column shows the contribution to n„ just from the known 4 
operators. 



of dimension 6. The total n^ is 92, which agrees with that from fl3.19bl) . The flavour 
symmetry is Ai. Under AiX Ai C G2, 02 decomposes as (3, 1) + (1, 3) + (2, 4). Using 
(I3.20p . we find the flavour central charge to be k^aiAi) = 5. 

For the Nahm pole with label Ai, which is also non-special, the Hitchin pole is again 
^2(01). Sommers assigns to this defect the group 5*3 itself. Accordingly, we pick -'- 



J6] 



10/3 



and 05 to be the generators of the Coulomb branch operators. We have then one 
operator of dimension 2, six operators of dimension 4, and five operators of dimension 
6. The total n^ is 49, which agrees that from ( I3.19b[) . The flavour symmetry is Ai. 
Using the decomposition under Ai x Ai given in the previous example, together with 
the formula (I3.20p . we find the flavour central charge to be k^diAi) = 14. 

• Finally, for the Nahm pole with label 0, i.e., the zero orbit, the Hitchin pole is G2- 
There are no constraints, and thus we directly have one operator of dimension 2, seven 
operators of dimension 4, and five operators of dimension 6. The total riy is 107, which 
agrees with that from (I3.19bl) . 

The information we just obtained is summarised in Table El 

3.5.6 The special piece of Esia-i) of g = Eg. 

For another check of our proposal about how the discrete groups C{p) affect the generators of 
the Coulomb branch, let us take a look at the nilpotent orbits in E^ that map via Spaltenstein 
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0, 


0" 


d{Op) 


dim HiGGS 


dim Coulomb 


rih 


Uv 


(n2,n3,n4,n5,n6) 


5U(6) 
50(7) 
50(7) 


[16] 

[7] 

[3^ 1] 


5U(6) 

5p(3) 
5p(3) 


[6] 

[1'] 
[23] 


15 


2 


15 

7 

13 


140 

52 

108 


125 

53 

107 


(1,2,3,4, 5) 

\^^ 2' ' 2' ' 
I-'-) 2' ' 2' z 


bulk 








3 


-35 


-280 


-285 


-(3,5,7,9,11) 


total 








20 





20 





(0,0,0,0, 0) 



Table 8: Three defects on a sphere giving a hypermultiplet in the 20 of SU(6). 



to the nilpotent orbit E^{a-j). There are 7 such orbits, shown in Table El A{E^{a-j)) is 5*5, 
and the subgroup of 5*5 assigned to each of the 7 nilpotent orbits by Sommers [2H] is also 
shown in the table, in terms of the generating reflections (i,i + 1), which act on the set 
{1,2,3,4,5}. Looking up h in Table [T71 and using (]3.19b|) . one can compute ny{p) for each 
nilpotent orbit. 

Since dimc-E8('^7) = 208, the special defect should add 104 operators to the Coulomb 
branch. The scaling dimensions of four of them can be determined as follows. Since 
A{E^{aj)) is 5*5, for the special nilpotent orbit p = E^{a-j) there will be four operators 
of dimension d on which S^ would act as the Weyl group of A^. Then, the Coulomb branch 
for the orbit p = A4 + A3 must contain four operators of scaling dimensions {2d, 3d, 4d, 5d}. 
These scaling dimensions should be contained in the set of degrees of Casimir invariants 
of Eg, {2,8,12,14,18,20,24,30}. The only possibility is d = Q. Then, for each of the 7 
defects, C(p) determines the scaling dimensions of these four operators, which are listed in 
the fourth column of Table U\ while the contribution to n^ from just these four operators 
is listed in the fifth column. The remaining 104-4=100 Coulomb branch operators have 
unknown scaling dimensions (though still constrained by the total nv{p)), but whichever 
they are, they should be completely the same for the 7 defects. As a consistency check, 
the difference between the full local contribution nv{p) (from the 104 operators) and the 
contribution to riy from just the known 4 operators should be a constant. This is indeed so. 
The difference between entries on the same row in the third and fifth columns of Table [7] is 
always 4020. 



3.5.7 Free-field fixtures 

Our final group of examples will be 3-punctured spheres known to correspond to free hyper- 
multiplets by methods different from the ones in this paper. Our formute should reproduce 
their properties. 

• First, compactify the 6d theory of type A^ on a sphere with 3 punctures, where the 
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-224 
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14 





14 





(0, 0, 0) 



Table 9: Three defects on a sphere giving 2 hypermultiplets in the 7 of 6*2 • Notice that 
[2, 1^] of sp(3) is non-special. 



first is the full untwisted defect with Nahm pole [1^], the second is a twisted defect 
with principal Nahm pole [7] of 50 (7), and the third is a twisted defect with Nahm 
pole [3^, 1] of 50 (7). In [69j, it was found that this sphere describes a hypermultiplet in 
the 3- index antisymmetric tensor representation of SU(6), by determining the Hitchin 
poles from the Seiberg-Witten curve; see Sec. 3.2 of that paper. The properties of 
defects, calculated using the methods in this paper, are in Table [81 The individual 
contributions from the defects are to a contribution from the bulk, using (13. 2p . (I3.10p . 
(I3.16P and (I3.23p . We see that, indeed, this sphere describes 20 free hypermultiplets. 
The flavour symmetries for the defects are f([l^]) = 5u(6), f([7]) = 1 and f([3^, 1]) = 

50(2). 

Second, compactify the 6d theory of type D^ on a sphere with 3 punctures, where the 
flrst is the full Za-twisted defect with Nahm pole of 02, the second is a Z2-twisted 
defect with principal Nahm pole [6] of sp(3), and the third is a Z2-twisted defect with 
Nahm pole [2,1^] of sp(3). In [21j, this was shown to describe 2 hypermultiplets in 
the 7 of G2, using S-duality arguments. The properties of the defects, calculated by 
the methods in this paper, are in Table [91 We see that this sphere describes 14 free 
hypermultiplets, as expected. The flavour symmetries of the defects are f(0o) = 02, 
f([6]) = 1 and f([2, 1^]) = sp(2). Eq. (13:201) tells us that the level of the last flavour 
symmetry is fc = 7, which agrees with the fact that 2 hypermultiplets in the 7 of G2 
count as 7 half- hypermultiplets in the fundamental of sp(2). 

Third, compactify the 6d theory of type E^ on a sphere with 3 untwisted punctures, 
with Nahm poles 0, EQ[ai) and A2 + 2Ai. From the analysis of the Seiberg-Witten 
geometry in [69], by extracting the Hitchin poles, one flnds that this sphere describes 
2 hypermultiplets in the 27 of Eq. The other properties of these defects, calculated 
using the methods in this paper, are in Table [TOl Adding the bulk contribution as 
before, we see that this sphere indeed describes 54 free hypermultiplets. The flavour 
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Op 


d{Op) 


dim HiGGS 


dim Coulomb 


rih 


riy 


(^2,^5, Uq, ng, rig, Wis) 





E, 


36 


36 


624 


588 


(1,4, 5, 7, 8, 11) 


Eeiai) 


Ai 


1 


11 


168 


167 


(1,1, 2, 2, 2, 3) 


A2 + 2Ai 


A4 + A1 


11 


31 


510 


499 


(1,4, 4, 6, 7, 9) 


bulk 




6 


-78 


-1248 


-1254 


-(3,9, 11, 15, 17, 23) 


total 




54 





54 





(0,0, 0, 0, 0, 0) 



Table 10: Three defects on a sphere giving 2 hypermultiplets in the 27 of Eq. 



Op 


d{0,) 


dim HiGGS 


dim Coulomb 


rih 


riy 


(n2, ne, ng, riio, 1212, riu, mg) 





Er 


63 


63 


1596 


1533 


(1, 5, 7, 9, 11, 13, 17) 


^7(01) 


Ai 


1 


17 


384 


383 


(1, 2, 2, 2, 3, 3, 4) 


A3 + A2 + Ai 


A4 + A2 


13 


53 


1296 


1283 


(1, 4, 6, 8, 9, 11, 14) 


bulk 




7 


-133 


-3192 


-3199 


-(3, 11, 15, 19, 23, 27, 35) 


total 




84 





84 





(0, 0, 0, 0, 0, 0, 0) 



Table 11: Three defects on a sphere giving 3 half- hypermultiplets in the 56 of Ej. 
symmetries of the defects are f(0) = Zq, f{Ee{ai)) = 1, and f{A2 + 2Ai) = su(2) +u(l) 



Fourth, take the 6d theory of type E-j on a sphere with 3 untwisted defects, with 
Nahm poles 0, Ei{ai) and A3 + A2 + Ai. From the analysis of the Seiberg-Witten 
geometry in [69], as in the previous example, one finds that this sphere describes 3 
half-hypermultiplets in the 56 of E-i; the Hitchin poles were discussed in Sec. 3.3 of 
that paper. The other properties of these defects, calculated using the methods in 
this paper, are in Table [TTl So, this sphere indeed describes 84 free hypermultiplets. 

The flavour symmetries are f(0) = tj, f{Ej{ai)) = 1 and f(yl3 + A2 + Ai) = su(2) ~ 

50(3). Indeed, 3 half-hypermultiplets have SO (3) flavour symmetry. Let us use (I3.20p 

to compute the flavour central charge k for this 50(3). From Table ITSl the weighted 

Dynkin diagram of the defect ^43 + ^42 + Ai is 002000, which can be Weyl-reflected 

2 
to 2,2,2-6,2,2. This corresponds to the obvious embedding of ^3 + ^2 + Ai in Ej, 

according to the Dynkin sub-diagram. Let p : su(2) — )• su(4) + 5u(3) + su(2) — )■ ey 

be such embedding. A u(l) subalgebra of the Cartan in the direction 000100 clearly 

commutes with this p(su(2)) subalgebra. This u(l) subalgebra should be the Cartan 

subalgebra of the flavour 50 (3) flavour- The normalisation can be flxed by demanding 

that C7 correctly decomposes into representations of p(5u(2)) x so(3)flavour- One flnds 



41 



that 

tj = (7, 5) + (5, 7) + (5, 3) + (3, 9) + (3, 5) + (3, 1) + (1, 3), (3.59) 

where (n, m) stands for the tensor product of the irreducible representation of di- 
mension n of p(su(2)) and that of dimension m of 5o(3)flavour- Using fl3.20p . we find 
^4^ (so (3) flavour) = 224. Now, 3 half-hypermultiplets in the 56 count as 28 copies of the 
3 of so(3), and so yield A;4rf(so(3)) = 28 ■ 8 = 224, which agrees with our computation. 
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A Mathematical conjecture 



Here, we reformulate our claim in Sec. 13.41 which was based on various physical considera- 
tion, as a mathematical conjecture. We claim that for a nilpotent element e G g, there is a 
natural polynomial subalgebra R+ of C[0] constructed using the data of e' G g which is in 
the Spaltenstein dual orbit of Og, such that the sum of the degrees of the generators of -R+ 
is given by a formula involving the weighted Dynkin diagram of e. 

Let g be a complex simple, simply-laced Lie algebraHj Let G be the corresponding simple 
adjoint group. Pick a nilpotent element e G g, and fix an s[(2) triple (e, h, f) containing it. 
Let e' G d{Oe) be a nilpotent element in the dual orbit of Og in the sense of Spaltenstein, 
and fix an s[(2) triple (e', h', /') containing it. 

Let Xe be a subgroup of the stabihser Ge' defined as follows. If Oe is special, X^ = Ge'° 
is the component connected to the identity. If Oe is not special, let C be the conjugacy class 
of A{Oe') assigned to Oe by Sommers [28] and Achar [30]. As A{Oe') is a Coxeter group. 



^^When g is not simply-laced, the following conjecture can be similarly formulated, but it requires the 
use of a simply-laced Lie algebra J and an outer-automorphism o such that g^ = j°. 
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we can find a set of simple reflections rj such that rir2 ■ ■ -Vk & C. Let C = (ri, r2, . . . , r^) 
be the subgroup of A{Oe') generated by those simple reflections, as in [29]. We let X^ be 
the preimage of C under the natural surjection Ge' -» A{Oe'). 

We decompose g* = 0^0^, where qI is the eigenspace of the adjoint action of h' of 
eigenvalue k. This grading carries over as the grading oi R = C-Iq]^" = 0^ R^- For an 
element x G Rk, we write grade(x) = k. Also, for a homogeneous element x G C[g], we 
write deg(a;) for the degree of x as a polynomial. 

Conjecture 1. Let -R+ = ^^yo^k- Then i?+ is a polynomial algebra with (dimOe/)/2 
homogeneous generators. 

Conjecture 2. Denote the generators by Ui, where i = 1, . . . , (dimOe')/2. Then 

/i 1 
^ [2grade(uj) + 2deg(uj) - 1] = 8p • (p - -) + -(rankg - dimg^), (A.l) 



where we picked a Cartan subalgebra f) containing h, chose the simple roots «« in it so that 
tti- h is all nonnegative, and let p the Weyl vector; the dot uses the standard normalisation 
that the roots have squared lengths two. Qh is the stabiliser of h. 

Example. Let {e,h,f) = (0,0,0). Then the dual {e',h',f') is the principal orbit, and in 
particular h' = 2p. Pick an invariant polynomial Pd G C[g]'^ of degree d, and define an 
element P^^k ^ C[g] for k = 1, . . . ,d — 1 as a polynomial function P^^k : — i- C as follows: 

PdA^) = the coefficient of z^'' of Pd{e'/z + x). (A. 2) 

It is easily seen that P^./c ^ R, grade(Pd^fc) = k, deg^Pa^ = d — k. We claim P^^^ are the 
polynomial generators of P+. Then, the number of generators is 

rankg 

y^ (<ia- 1) = -dimg-rankg = -dimOe'. (A. 3) 

a=l 



Here, da is one plus the a-th exponent of g. The relation f lA.ip becomes 

rankg 

d. - l)(2d. - 1) = Hn ■ n 4- , 



rank g 

^ (4 - 1) (24 - 1) = 8p ■ p + - (rank g - dim g) . (A.4) 



a=l 



This equality can be easily checked, using the known formula for J^^a and ^4^- Both 
sides are just rK^{4:h^ + l)/6, where r, /i^ are the rank and the dual Coxeter number of g. 
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B Embedding the nilpotent orbits of G2 in D/^ 

Here we construct an explicit embedding of 02 in so(8), and compute the s[(2) triples 
(e, /i, /) for all nilpotent orbits. First, we describe the action of triality ^3 on so (8). Note 
that Spin(8) contains an (SU(2) )/Z2 subgroup, under which the adjoint decomposes as 

28 = (3, 1, 1, 1) + (1, 3, 1, 1) + (1, 1, 3, 1) + (1, 1, 1, 3) + (2, 2, 2, 2) (B.l) 

Under this decomposition, the action of triality fixes one of the s[(2) subalgebras, and 
permutes the other three. The invariant subalgebra is 92 C 50 (8), under which 

28 = 14 + 7® r (B.2) 

where V is the 2-dimensional irreducible representation of 6*3. In terms of our previous 
decomposition, 

G2 D (SU(2) X SU(2)^)/Z2 (B.3) 

where the first SU(2) is the one you kept fixed, and SU(2)^ is the diagonal SU(2) of the 
three which are permuted by triality. Under this embedding, 

14 = (3, 1) + (1, 3) + (2, 4), 7 = (1, 3) + (2, 2). (B.4) 

An explicit basis of anti-symmetric 8x8 matrices for this 02 subalgebra is as follows. 
First, we realize s{{2)l+ ©sI(2)l_ ©sl(2)/j+ ©s[(2)ij_ C 5o(8) as 

Hl,± = P± © (T2 © 1, Hr^± = P± (g) 1 © ^2, 

El,± = P±® 1(^3 + «ffl) ® ^2, ^iJ,± =P±® |0-2 ® (^3 + «ffl), (B.5) 

Fl,± = P±® \{(r-i - iai) ® (T2, Fr^± = P±® \a2 ® {cr-i - iai) 

where P± = |(1 ± 0-3). 

Now, we let S^ leave 3{{2)l^ invariant and permute s{{2)i_,5{{2)r±. Thus, we identify 
the first s[(2) factor in flR3|) with s[(2)i+. 

Hi = Hl+, El = El^, Fi = Fl+, (B.6) 

and the diagonal sl{2)£, in (1B.3P with the combination 

H2 = Hl- + Hr+ + if_R_, E2 = El^ + Er+ + Pfl-, F2 = El- + Fr+ + Fr_, (B.7) 

which is clearly invariant under S^ permutations. So, (IB.6P and flB.7p are, respectively, the 
(3, 1) and the (1, 3) in the decomposition of the 14 in (IB. 41) . 

On the other hand, the highest weight of the (2, 4) in the 14 is 

^1,3 = i^2 © (^3 + i(Ti) © (^3 + iai). (B.8) 
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B-C 


P{H) 




p{a+) 






Pier-) 




















Ai 


Hi 




El 






Fi 


Ai 


\{?>Hi + H2) 




Si,i 






5-1,-1 


G2(ai) 


2Hi 


Sl,3 + Si 


-1 


S-i 


,-3 + 5-1,1 


G2 


5ifi + H2 


VTos 


1,-3 + 


VQE2 


VTos. 1,3 + VQE2 



Table 12: Explicit distinguished triples, for nilpotent orbits of 02, as embedded in 50(8). 

The remaining weights in the (2, 4) can be found by using Ei and E2 as lowering operators, 

[Ei,Sij] = 5'j_2,j, [E2,Sij] = Sij^2- (B-9) 

With this choice of Cartan, the simple roots of 02 correspond to E2 (short root) and Si -3 
(long root). 

Now, the explicit p : su(2) — > Q2 homomorphisms corresponding to the 5 nilpotent orbits 
in 02 are shown in Table [121 These can be found from the weighted Dynkin diagrams for 
the 02 nilpotent orbits [H] and our explicit expressions for the 14. 

To construct generic elements in 50 (8), as in (I3.54p . we also need explicit expressions for 
the 7 ® V" in (IB.2p . which is the part of the 28 that is not invariant under S3. In (I3.54p . 
we use only the Z3 subgroup of S3, so we decompose the 2-dimensional representation V 
of 5*3 into irreducible representations of Z3, namely, the two 1-dimensional representations 
transforming as u and u"^, where w 7^ 1 is a cube root of 1. 

Under such decomposition, we have 7 x V = 7*^'^^ + 7*^'^ \ where both 7^'^^ and 7^'^ ^ 
decompose as flRJl) . e.g., 7^^^ = (1,3)('^) + (2,2)('^). 

The explicit expressions for (1,3)*-'^^ and (1,3)*^'^ \ which transform as s[(2)2-triplets. 



are 



(B.IO) 



i7("') = Hl^ + u^Hr+ + uHr. 

and corresponding expressions for E^^\E^^'> and E^^ \E^^ \ The highest weights for the 
(2,2)(") and (2,2)^^') are 



|(cj - oj'^)cri ® (0-3 + iai) ® 02 



.(c.2) _ 1 



T{^i ' = \{a2®l-icri® 02) ® (0-3 + icri) - \(y2 ® (0-3 + icFi) ® 1 
- |(cj^ - w)ai ® (0-3 + icTi) ® 0-2 



(B.ll) 



The rest of the weights for (2,2)*-'^'' and (2,2)*-'^ -* can be found by using Fi and F2 as 
lowering operators, as in flB.Op . 



45 



C Tables of exceptional nilpotent orbits 

We reproduce the tables of properties of nilpotent orbits in the exceptional groups below; the 



data are taken from [39lll0lllllll2]. They can also be obtained online at ||http : //lie .math, okstate . edu, 



or at http : //www . liegroups . org/ 



The data for G2 is in Table [5l in the body of the paper. The data for F4 is in Table [ 
the data for E^ is in Table [HI the data for E-j is in Table [15] and [16l and the data for E^ is 
in Table [T71 [TSl and [T9l For each q and for each nilpotent orbit Og, we give its Bala-Carter 
label, weighted Dynkin diagram, complex dimension dimcO, the discrete part A{0) of the 
centraliser F{0) of e in the compact adjoint group Gad-, and the Lie algebra f(0) of F{0). 
In the tables, T„ stands for u(l)". The precise global structure of F{p) can be found in 

In the nilpotent orbit literature, F{0) is usually denoted by C, which is the reductive 
subgroup of C{p), the centraliser of e in (G'ad)c- We use F (standing for 'flavour') to avoid 
conflict with the notation for a different group, C(0), in the nomenclature of |28l [30] . 

For each g, we give two Hasse diagrams: one including all nilpotent orbits, and another 
one including only special nilpotent orbits. Two orbits in the same special piece are con- 
nected by a dotted line. Rigid orbits are framed in a box. Distinguished orbits in g = X„ 
have a Bala-Carter label that starts with X„, so no other marking is given. The Spal- 
tenstein duality map for exceptional g can be determined uniquely from inspection of the 
Hasse diagrams except in a few cases, in which case we specify what the duals are in the 
Table captions. 
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B-C 


00 =^ 00 


dim 


A{0) 


f(0) 





0000 





1 


F, 


Ai 


1000 


16 


I 


c. 


Ar 


0001 


22 


S2 


^3 


Ai + Ai 


0100 


28 


1 


2Ai 


A2 


2000 


30 


^2 


A2 


A2 


0002 


30 


1 


G2 


A2 + Ai 


0010 


34 


1 


Ai 


B2 


2001 


36 


^2 


2A, 


A^ + A^ 


0101 


36 


1 


Ai 


C3(ai) 


1010 


38 


^2 


Ai 


^4(03) 


0200 


40 


^4 


1 


B, 


2200 


42 


1 


A, 


Cs 


1012 


42 


1 


Ai 


FM2) 


0202 


44 


^2 


1 


F4{ai) 


2202 


46 


^2 


1 


F, 


2222 


48 


1 


1 



5, 



B^ 



F, 

I 

F4(ai) 

I 
^4(02) 

^4(03)' 
Cslai) 



C, 



A2 + A1 



A2 + AI 




A2 






Ai + Ai 






1 
A, 






Ai 
1 








1 






Ao 



Fa 

I 

F4(ai) 

I 

^4(02) 

/ \ 

-B3 C3 

\ / 

F^ias) 

/ \ 

A2 A2 

\ / 

A + ii 

I 

K 
I 




Table 13: Nilpotent orbits of F4, and the two F4 Hasse diagrams. Distinguished orbits have 
the label F4 or FAXfii). The Spaltenstein map for any orbit is clear from the diagram, except 
for dBv{A2) = B3, dLs{A2) = C3. In the table, 'B-C stands for the Bala-Carter label. 
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B-C 


h 


dim 


A{0) 


f(0) 






00000 





1 


Ee 


Ai 


00000 


22 


1 


A, 


2Ai 



10001 


32 


1 


B3 + T1 


3Ai 



00100 


40 


1 


A2 + A1 


A2 


2 
00000 


42 


S2 


2A2 


A2 + Ai 


10001 


46 


1 


A2 + T1 


IA2 



20002 


48 


1 


G2 


A2 + 2Ai 



01010 


50 


1 


Ai+T, 


A, 


2 
10001 


52 


1 


B2 + T1 


2A2 + Ai 



10101 


54 


1 


Ai 


^3 + ^ 


01010 


56 


1 


Ai+T, 


D^{a^) 



00200 


58 


^3 


T2 


A, 


2 
20002 


60 


1 


Ai+T, 


D4 


2 
00200 


60 


1 


A2 


A4 + A1 


1 
11011 


62 


1 


Ti 


A, 


21012 


64 


1 


Ai 


D^iai) 


2 
11011 


64 


1 


Ti 


Eeias) 



20202 


66 


^2 


1 


D, 


2 
20202 


68 


1 


Ti 


Ee{a,) 


2 
22022 


70 


1 


1 


Ee 


2 
22222 


72 


1 


1 





Ee 

1 










1 


Esiai] 

1 








^6(ai) 

1 


1 

1 








1 

1 


^6(03: 








^6(03) 
1 


A,"" 


^D,{a,) 








Ai + Ai 

1 






A. 


1 + ^] 

1 




1 

A, 

A3 + A 


L 

1 


h 


A2 


1 

^4 

As 

1 

+ 2A 


\ / 

/ \ 

2A2 


As 


2A2 + Ai 


1 / 


A2 + 2Ai 


1 

2A2 


Ai + A^ 
1 


A^ + A 


1 






A2 
1 


1 
A2 








2Ai 
1 












Ai 




3Ai 


1 




1 






2Ai 



Ai 



Table 14: Nilpotent orbits of E^ and the E^ Hasse diagrams. 
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B-C 


h 


dim 


A{p) 


f(0) 






000000 





1 


E, 


A, 


000001 


34 


1 


D, 


2A, 


010000 


52 


1 


B^ + Ai 


(3Ai)" 


200000 


54 


1 


F, 


(3A)' 


000010 


64 


1 


C3 + A1 


A2 


000002 


66 


^2 


A, 


AA, 


100000 


70 


1 


c. 


A2 + A1 


010001 


76 


^2 


A3 + T1 


A2 + 2Ai 


000100 


82 


1 


3Ai 


^3 


010002 


84 


1 


B^ + Ai 


2^2 


020000 


84 


1 


G2 + A1 


A2 + 3Ai 


000000 


84 


1 


G2 


(As + ^i)" 


200002 


010010 


86 


1 


B, 


2^2 + Ai 


90 


1 


2A, 


(^3 + ^1)' 


000101 


000020 


92 


1 


3Ai 


D4(ai) 


94 


^3 


3Ai 


A3 + 2Ai 


101001 


94 


1 


2A, 


I?4 


000022 


96 


1 


C3 


/^4(ai) + Ai 


100010 


010100 


96 


^2 


2Ai 


A3 + A2 


98 


^2 


Ai+Ti 


^4 


020002 


100 


^2 


A2 + T1 


A3 + A2 + Ai 


002000 


100 


1 


Ai 


(A)" 


220002 


102 


1 


G2 



B-C 


h 


dim 


AiO) 


f(0) 


Di + Ai 


I 
100012 


102 


1 


B2 


A4 + A1 


010101 


104 


S2 


T2 


A(ai) 


010102 


106 


S2 


Ai+Ti 


Aa + A2 


000200 


106 


1 


Ai 


(A5)' 


020101 


108 


I 


2Ai 


A5 + A1 



210101 


108 


I 


Ai 


D^{a^) + A, 


002002 

1 
201010 


108 


I 


A, 


De{a2) 


110 


I 


Ai 


Eeia,) 


020020 


110 


S2 


A, 


D, 


020022 


112 


1 


2A, 


Er{a,) 


200200 


112 


S3 


1 


Ae 


020200 


114 


I 


Ai 


D^ + Ai 


1 
011012 


114 


I 


A, 


D^{ai) 


201012 


114 


I 


A, 


Eria^) 


200202 

-1 


116 


S2 


1 


D, 


221012 


118 


1 


A, 


E,{a,) 


020202 


118 


S2 


Ti 


E, 


020222 


120 


1 


A, 


Erias) 


220202 

r) 


120 


S2 


1 


Ej{a2) 


202022 


122 


1 


1 


Eria,) 


222022 


124 


1 


1 


Er 


222222 


126 


1 


1 



Table 15: Nilpotent orbits of E^. 
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^5 + ^1 





Table 16: The Hasse diagrams for Ej. Here, d{A2) = E-j{a-i). 
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B-C 


h 


dim 


A{0) 


fiO) 






0000000 







Es 


^1 


1000000 


58 




Er 


2Ai 


0000001 


92 




Be 


3Ai 


0100000 


112 




F4 + A1 


A2 


2000000 


114 


S2 


E, 


AA, 


0000000 


128 




c. 


A2 + A1 


1000001 


136 


S2 


A, 


A2 + 2Ai 


0010000 


146 




B3 + A1 


A3 


2000001 


148 




B, 


A2 + 3Ai 


0000010 


154 




Gs + Ai 


IA2 


0000002 


156 


S2 


2G2 


2A2 + Ai 


0100001 


162 




G2 + Ai 


^3 + ^1 


1010000 


164 




B3 + A, 


Di{ai) 


0200000 


166 


S3 


D, 


D^ 


2200000 


168 




E, 


2A2 + 2Ai 


0001000 


168 




B2 


A3 + 2Ai 


1000010 


172 




B2 + A1 


A(ai) + Ai 


0100000 


176 


S3 


3Ai 


A3 + A2 


0010001 


178 


S2 


B2 + T, 


^4 


2000002 


180 


S2 


A, 


A3 + A2 + Ai 


0000100 


182 


I 


2Ai 


A + Ai 


2100000 


184 


I 


Cs 


/^4(ai) + A2 


0000000 


184 


S2 


A2 



B-C 


h 


dim 


A{0) 


f(0) 


A4 + A1 



1010001 


188 


S2 


A2 + T1 


2As 


0001001 


188 


1 


B2 


D,{a,) 


2010001 


190 


^2 


A3 


A4 + 2Ai 


1000100 


192 


^2 


Ai+Ti 


A4 + A2 


0020000 


194 


1 


2Ai 


A, 


1010002 


196 


1 


G2 + A, 


D,iai) + Ai 


2000100 


196 


1 


2Ai 


Ai + A2 + Ai 


0010010 


196 


1 


Ai 


Di + A2 


2000000 


198 


^2 


A2 


Eeias) 


0200002 


198 


^2 


G2 


D, 


2200002 


200 


1 


B3 


A4 + A3 


0100100 


200 


1 


Ai 


A^ + Ai 


1000101 


202 


1 


2Ai 


D^iai) + A2 



1010010 

1 

0100010 


202 


1 


Ar 


Deia2) 


204 


^2 


2Ai 


Ee{as) + Ai 


0101001 


0010100 


204 


^2 


Ai 


Ejia,) 


206 


^3 


Ai 


D5 + A1 



2101001 


208 


1 


2Ai 


Esiar) 


0002000 


208 


^5 


1 


A, 


0020002 


210 


1 


2Ai 


De{ai) 


2100010 


210 


^2 


2Ai 


Aq + Ai 


0010101 


212 


1 


Ai 


Ej{a^) 


2010100 


212 


^2 


Ai 



Table 17: Nilpotent orbits of E^ (part 1/2). 
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B-C 


h 


dim 


AiO) 


KO) 


^6(ai) 



2020002 


214 


S2 


A2 


^5 + ^2 


2002000 

-1 


214 


S2 


Ti 


De 


2100012 


216 


I 


B2 


Ee 


2220002 


216 


I 


G2 


Dj{a2) 


1010101 


216 


S2 


Ti 


A, 


0110101 


218 


I 


A, 


E(^{ai) + Ai 



2010101 


2010102 


218 


S2 


Ti 


Ej{a^) 


220 


S2 


A, 


Esik) 


2000200 


220 


S3 


1 


Driai) 


2002002 


222 


S2 


Ti 


Ee + A, 


2210101 


222 


1 


A, 


Eria^) 


2201010 


224 


1 


A, 


Esiae) 


0200200 


224 


S3 


1 


Dr 


1011012 


226 


1 


A, 


Esih) 


2200200 


226 


S3 


1 


Ej{ai) 


2201012 


228 


1 


A, 


Esia^) 


0200202 


228 


S2 


1 


Es{b,) 


2200202 


230 


S2 


1 


Er 


2221012 


232 


1 


Ai 


Eg (04) 


2020202 


232 


S2 


I 


^8(03) 


2220202 


234 


S2 


I 


^8(02) 


2202022 


236 


I 


I 


^8(01) 


2222022 


238 


I 


I 


£^8 


2222222 


240 


I 


1 



Table 18: Nilpotent orbits of Eg (part 2/2). 
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Di(ai) 



>3 


+ 2Ai\ 




\2A 


+ 2A^\ 


1 


■\2A 


2 + All 


1 
2A, 


U. 


+ -3Ai\ 



\A.. 


+ 2^1 


1 


Ui 


+ ^1 



Di + A2 








Table 19: The Hasse diagrams for Es- Here, ^(^3) = Ei{ai), ^(^4) = .^7(03) 
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